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ABSTRACT 
The development of matrix cracking in (0/8/0) glass fibre reinforced epoxy 
laminates, where 8 = 45°,54 0, 75° and 90°, has been investigated under quasi-
static and cyclic loading. All laminates were fabricated using a wet lay-up 
process to impregnate the fibres before curing. 
Uniaxial quasi-static tension tests were carried out on samples of each laminate 
type. Crack initiation and crack propagation in the 8° ply were studied 
separately using unnotched samples (tested with both as-cut and polished 
edges) and notched samples, in which the notch introduced is a drilled hole 
parallel to the fibres in the 8° ply. The ply stresses at which cracking events 
occurred were calculated from laminate theory and these stresses are discussed 
for all four laminate types along with investigations of notch depth effects and 
crack growth patterns. Material non-linearity was also considered and a method 
presented to account for material non-linearity in shear. Ply stresses were 
recalculated to include the effects of non-linearity and the presence of thermal 
stresses. It was shown that crack propagation is controlled principally by the 
stress transverse to the fibres and that the stress was independent of notch 
length. The stress state at crack initiation did not satisfy any of the 
conventional failure criteria. 
Uniaxial tension-tension fatigue tests were carried out on samples of each 
laminate type. Samples were cycled to various maximum load levels and crack 
propagation from a single notch in each sample was monitored as it grew full 
width to provide crack growth rate data. Crack growth data were presented on 
Paris-type plots. The crack growth data were compared to experimental data 
obtained by other authors for 90° cracking in cross-ply samples and 90° and 
+45° cracking in quasi-isotropic samples. There was good agreement between 
the sets of data after accounting for differences in transverse ply thickness. 
i 
A series of compliance experiments were carried out to obtain the change in 
compliance with crack length for samples of each laminate type. The 
experimental compliance changes in (0/90/0) samples were compared to 
theoretical, calculated compliance changes. 
ii 
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1.1 COMPOSITE MATERIALS 
The term 'composite' can be applied to a broad spectrum of materials such as 
metals, ceramics or polymers with various forms of reinforcement e.g. long 
or short fibres, particles or fabric reinforcement. Composite materials are 
found in nature, a good example being wood, while others are designed 
specifically as engineering materials. For the purpose of this thesis 
concerning polymer composites, a polymer composite is defined as a material 
system consisting of a matrix and one form of reinforcement (in this case an 
epoxy resin matrix and a glass fibre reinforcement). The mechanical 
properties and performance of the composite can be designed to suit the final 
application of the material. 
Some of the mechanical properties of unidirectional continuous fibre polymer 
composite laminates are superior to those of metal alloys such as steel. They 
have a high specific strength (tensile strength to density ratio) and a high 
specific stiffness (modulus to density ratio). These are two properties which 
have contributed to the increased use of composites as engineering materials 
as many modern engineering applications require the use of materials with the 
best specific properties. 
1.2 STRUCTURE OF LAMINATES 
Composite laminates can be produced in various forms with continuous fibre 
polymer matrix composites providing the best properties. These can be of 
conventional type (e.g. unidirectional) or based on woven fabric 
reinforcement. The use of other forms of cotnposib£ . such as discontinuous 
fibre polymer matrix composites, is increasing with laminates being produced, 
for example, using chopped strand mat. 
Pagel 
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The present work is based on continuous fibre polymer matrix composites. A 
unidirectional laminate has good stiffness and strength properties when loaded 
parallel to the fibres. Because of the highly anisotropic nature of 
unidirectional composites, these properties will decrease greatly when the 
unidirectional composite is no longer loaded parallel to the fibre direction. 
The largest differences occur between properties in the longitudinal (parallel 
to the fibre) direction and transverse (normal to the fibre) directions. For 
example, in a glass/epoxy unidirectional lamina with Vf =(t)3. ,typical values 
for the elastic modulus and Poisson's ratio are El = 48 GPa and V l2 = 0.25 
(parallel to the fibres) and Ez =13 GPa and v21 = 0.068 (perpendicular to the 
fibres). Hence it is common to construct quasi-isotropic laminates with 
laminae oriented in 0°, 90° and ± 45 ° directions. The 0° plies provide most 
of the longitudinal stiffness and carry most of the load. The 90° plies provide 
transverse strength and stiffness and the ± 45 ° plies provide shear strength 
and stiffness. In making the laminate quasi-isotropic in this way, the 
properties are compromised. Composites containing off-axis plies are known 
as angle-ply laminates, though when the off-axis ply is at 90°, the composite 
is generally classed as being a cross-ply laminate. Angle-ply laminates are 
particularly useful in applications such as filament wound tubes or pressure 
vessels where the shear strength and stiffness provided by the off-axis plies 
can be utilised. However, because of the highly anisotropic characteristics of 
the composites, the design of pipes and, in particular, the prediction of failure 
is complicated. 
1.3 DAMAGE DEVELOPMENT IN LAMINATES 
With the increasing use of polymer composite materials for advanced 
applications it is obviously important to have an understanding of damage 
development in composite laminates under service loading conditions. The 
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most common form of damage in continuous fibre polymer composites is 
matrix cracking. Matrix cracking damage in the 90° ply of a cross-ply 
laminate has been well studied both experimentally and theoretically over the 
years and many models have been proposed to predict such cracking. These 
will be reviewed in chapter 2. A few studies have considered theoretically the 
situation in which 90° cracking occurs under shear loading or combined 
tensile and shear loading but in general this has been investigated much less 
extensively. 
Mixed mode intralaminar cracking is an issue not only for a laminate 
containing a 90° ply under a combination of tensile and shear loading but also 
for a laminate containing a ply at any other angle just under simple tensile 
loading. The present work is concerned with studying off-axis ply cracking 
in glass fibre reinforced plastic (GFRP) laminates which, as indicated above, 
occurs under mixed-mode loading. This damage process is very relevant to 
glass fibre composite applications in vessels and pipes where the 
accumulation of matrix cracks in filament wound structures can lead to 
leakage and failure. 
1.4 PROJECT AIMS AND THESIS OUTLINE 
The aims of this project are to study off-axis ply cracking in GFRP laminates 
under mixed mode quasi-static and fatigue loading. The lay-ups used here are 
of (0/6/0) construction, with 6 = 45 0, 54°, 75 ° and 90°. These provide a 
range of mixed-mode loadings for the central off-axis ply. Initiation and 
propagation issues are treated separately by testing coupons of various states 
of edge preparation, as well as coupons containing holes drilled parallel to the 
fibres within the off-axis ply to provide pre-existing defects. 
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The literature review presented in chapter 2 summarises relevant previous 
work on matrix cracking in cross-ply and angle-ply laminates under quasi-
static and fatigue loading. The experimental methods used within this current 
investigation are presented in chapter 3, including details of laminate 
manufacture and testing methods. 
The results from uniaxial quasi-static loading of notched and unnotched 
laminates are given in chapter 4. These results are analysed in chapter 5, 
including calculations relating to the stress state at crack initiation and crack 
propagation. A method for accounting for material non-linearity is also 
presented. 
In chapter 6, the results of uniaxial tension-tension fatigue loading of (0/6/0) 
laminates are presented. The results are analysed in a simple way to find 
whether a Paris crack growth relation is appropriate. The change in 
compliance with crack length is also considered since in principle this 
provides a means of measuring a fracture mechanics parameter (the strain 
energy release rate, G) directly. The results from (0/6/0) laminates are also 
compared with other experimental data. 
The final chapter presents the conclusions reached during the course of this 
project, along with suggestions for future work. 
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2.1 INTRODUCTION 
The use (and potential use) of continuous fibre composites in engineering 
applications has resulted in a large volume of published research on a wide 
range of areas related to these materials. Of particular relevance to the 
present study, there is an extensive amount of literature concerned with 
mUltiple matrix cracking in cross-ply laminates. These studies include 
consideration of crack initiation, growth and final crack density together with 
the effects on laminate properties. Such work has been concerned mainly with 
matrix cracking in the 90 0 ply of laminates loaded in simple tension where 
90 0 fracture is a mode I phenomenon. There has been much less literature 
concerned with a mixed-mode loading situation than for cross-ply laminates. 
The aim of this review is to outline the extent of current knowledge on matrix 
cracking in cross-ply and angle-ply laminates under quasi-static and fatigue 
loading. The first section of the review deals with experimental observations 
of matrix crack initiation and propagation and an explanation of how multiple 
matrix cracking occurs in cross-ply laminates. The second section covers the 
theoretical modelling of transverse ply cracking in cross-ply laminates. 
Various methods of stress transfer analysis are described and then the 
predictions of cracking are subdivided into strength-based and fracture-
mechanics-based models. 
Research into angle-ply laminates is then reviewed. Observations of damage 
accumulation under quasi-static loading are described and the use of 
theoretical models to predict matrix cracking in eo plies is also discussed. 
Finally a review of intra-laminar matrix crack growth during fatigue of 
continuous fibre composite laminates is presented, covering both 
experimental observations of fatigue damage and the theoretical modelling 
of mah--iJl. (rQd\3(Q"'t~. 
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2.2 MATRIX CRACKING IN CROSS-PLY LAMINATES 
2.2.1 INTRODUCTION 
The accumulation of transverse cracks in polymer composite laminates has 
been studied experimentally and theoretically for more than twenty years. 
Both of these areas of research will be discussed in this section of the review, 
but first some general comments regarding damage are made. 
There are four main damage modes that occur in polymer composite 
laminates. These are cracking parallel to the fibres in the transverse ply (e.g. 
Garrett and Bailey, 1977); cracking parallel to the 0 0 fibres, called 
longitudinal splitting (e.g. Bailey et al., 1979); interlaminar fracture, i.e. 
delamination (e.g. Wang and Crossman, 1980) and fibre fracture. The first 
three are matrix-dominated and are illustrated in Figure 2.1. Matrix ply 
cracking parallel to the 8 0 fibres is the most common damage mode in 
(0/8/0) laminates (e.g. Flaggs, 1985). The presence of intralaminar cracks and 
their growth under service conditions lead to problems such as degradation 
in laminate properties, e.g. stiffness (Highsmith and Reifsnider, 1982), loss 
of structural reliability or the possibility of leakage from pressure vessels so 
that the vessel becomes unfit for service (Hull et ai., 1978). Consequently 
much research has concentrated on matrix cracking, especially in cross-ply 
laminates as this is the simplest lay-up to consider. 
Early experimental studies conducted on matrix cracking in cross-ply 
laminates, e.g. Garrett and Bailey (1977), Parvizi and Bailey (1978), Parvizi 
et al. (1978), Bader et al. (1979), Bailey and Parvizi (1981), have shown that 
these transverse cracks usually initiate at the free edge of the ply. The 
transverse ply crack propagates to span the thickness, then the width of the 
ply. The presence of this fully fonned crack causes an additional stress to be 
Page 6 
Chanter? 1 , itemture Review 
thrown into the 0 0 plies in the plane of the crack. This additional stress is 
transferred back into the 90 0 ply away from the plane of the crack leading to 
the formation of multiple matrix cracks with increasing applied stress, see 
Figure 2.2. The strain at which the first transverse ply crack initiated was 
found to be a function of both 90 0 ply thickness and laminate stacking 
sequence, i.e. whether a 0/90 or 90/0 lay-up. 
The structure of this section is as follows, first crack initiation is described 
followed by details of crack propagation. Multiple matrix cracking is then 
discussed. 
2.2.2 CRACK INITIATION 
It was suggested by Parvizi and Bailey (1978) that the earliest indications of 
failure in GFRP are debonds at or near the fibre/resin interface. Microscopy 
has confirmed the presence of these debonds at a strain level just below that 
at which a 'knee' is observed on the load/extension curve (Bader et al., 1979; 
Bailey and Parvizi, 1981). This 'knee' is associated with a visual whitening 
effect, a phenomenon which Bailey and Parvizi (1981) investigated. During 
cyclic loading of a specimen to a strain below its transverse cracking strain, 
the whitening effect was found to disappear partially on unloading. The 'knee' 
in the load/extension curve also gradually vanished and the slope reduced 
during the first few cycles. After annealing for 15 minutes at 100 0 C, the 
whitening had disappeared. Upon reloading, the annealed sample behaved 'as 
new' showing the 'knee' and whitening. The whitening effect was thought to 
be due to the scatter of light by the gaps between fibre and resin when 
debonding occurs. These gaps close when the sample is unloaded resulting 
in partial disappearance of the whitening effect, but the modulus does not 
recover. Annealing the sample at high temperatures allows fibres to rebond, 
resulting in the complete disappearance of the whitening effect and a 
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recovery of the Young's modulus. The next stage in the crack initiation is the 
coalescence of a number of debonds to form a micro-crack. The gaps between 
fibre and resin open up considerably at increasing loads with more fibres 
debonding from the resin. The micro-cracks formed act as nuclei for 
transverse cracks. 
Garrett and Bailey (1977) considered the analysis of strain magnification 
proposed by Kies (1962) when studying crack initiation. It was suggested that 
the low modulus of the matrix relative to the fibre results in a high strain 
magnification. For a square array of fibres in resin the strain magnification 
factor (SMF) is given by: 
A 2+-
R SMF=----
A Em 
-+2(-) 
R Ef 
(2.1) 
where Il. is the interfibre spacing, R is the fibre radius and Em and Er are the 
Young's moduli of matrix and fibre respectively. It can be seen from this that 
as the spacing between fibres, fJ., decreases so the strain magnification in the 
resin increases. For GFRP, in areas where the fibres are virtually touching, 
the strain magnification in the matrix approaches twenty times that of the 
average transverse ply strain. As the interfibre spacing is very important in 
determining the magnification factor between fibres, then clearly the random 
nature of interfibre spacing and fibre bunching will lead to a range of 
transverse ply crack initiation stresses. Experimental observations, e.g. Bader 
et al. (1979), indicate that first cracks form between fibres that are touching 
or nearly touching. Cracks also appear to initiate more readily between 
groups of fibres concentrated in a region of lower than average V r (i.e. fibre 
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rich areas in resin rich regions). This implies that the SMF is more intense 
when the material around the critical zone is of lower stiffness. 
It is also possible for cracks to initiate from flaws in the material (e.g. voids, 
small cracks) associated with processing. These flaws can act as nuclei for 
transverse ply cracks in the same manner as the micro-cracks formed from 
fibre debonds. 
2.2.3 CRACK PROPAGATION 
Transverse cracks may propagate from the nuclei described above in one of 
two ways: either in a stable manner with increasing applied load, though the 
load doesn't have to increase very much to grow a 'stable' transverse ply 
crack (stable crack propagation); or, having reached a critical size, probably 
3-4 fibre diameters (Bader et al., 1979), they propagate instantaneously 
(unstable crack propagation). Various factors which can affect the 
propagation of transverse cracks have been investigated. Parvizi et al. (1978) 
investigated the effect of transverse ply thickness on the propagation of 
cracks across the thickness and width of the ply. Cross-ply GFRP laminates 
were studied with a longitudinal ply of constant thickness (0.5 mm), and 
transverse plies of varying thicknesses. It was found that with thick inner 
plies, the majority of cracks spanned the whole inner ply and propagated 
instantaneously. As the inner ply thickness was reduced, small cracks 
appeared at the edges of the inner ply. These edge cracks increased in number 
and grew slowly with increasing load, some eventually spanned the whole 
width of the ply. This transition from instantaneous to slow growth occurred 
at a transverse ply thickness of less than 0.4 mm. Complete suppression of 
cracking was observed at inner ply thicknesses of 0.1 mm and this was 
termed "cracking constraint". The trend in transverse cracking strains with 
varying ply thickness can be seen in Figure 2.3. A theory based on energetics 
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was developed by Parvizi et al. (1978) which agreed well with experimental 
values for the cracking strain of laminates containing thin transverse plies, 
but underestimated experimental values for thicker plies, see Figure 2.3. It 
has been suggested (Ogin and Smith, 1985; Leaity et al., 1992a) that a micro-
crack will span the thickness in 'thin' transverse plies, and the stable 
propagation of a micro-crack across the width of the laminate is the 
controlling event in transverse ply failure. For 'thick' plies a micro-crack will 
grow to a critical size which is less than the transverse ply thickness, after 
which failure of this critical micro-crack is then catastrophic across both the 
transverse ply thickness and width. The ply thickness at which the transition 
from 'thick' to 'thin' ply behaviour occurs is dependent on the fracture 
toughness of the transverse ply loaded parallel to the fibre direction. Similar 
trends to those in Figure 2.3 of increasing 90 0 ply strength with decreasing 
transverse ply thickness were found also in cross-ply carbon fibre reinforced 
plastic (CFRP) laminates (Bader et al., 1979; Bailey et al., 1979; Flaggs and 
Kural, 1982). This knowledge of 'thick' and 'thin' behaviour can be utilised 
when considering different laminate stacking sequences. It is suggested, e.g. 
Bailey et al. (1979), that it is better to intersperse 90 0 and 0 0 plies rather 
than having discrete groups of 90 0 and 0 0 plies as cracking is then 
constrained more in the thinner dispersed transverse plies. 
2.2.4 MULTIPLE MATRIX CRACKING 
Aveston and Kelly (1973) studied multiple matrix cracking in a unidirectional 
fibre reinforced cemenh laminate in which matrix cracks forms perpendicular 
to the fibres. When matrix cracks form" load carried by the matrix is 
transferred into the fibres. This load is transferred back from the fibres into 
the matrix some distance away from the initial crack, allowing further matrix 
cracks to occur. This unidirectional system can be likened to the cross-ply 
laminate where the 00 ply is acting in the same way as the unidirectional load 
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bearing fibres and this analogy was highlighted by a number of early workers, 
e.g. Bailey et al. (1979). At the location of a crack in the transverse ply of 
the cross-ply laminate, the load is carried by the longitudinal plies. Away 
from the plane of the crack, load is transferred back into the transverse ply 
by a process of shear. As the applied load increases, the stress in the 90° ply 
builds up to such a level (0* on Figure 2.2) that the ply can crack again and 
so the number of transverse cracks increases until eventually crack saturation 
spacing is achieved. It is thought that this saturation crack spacing occurs 
because the weak sites have been used up and the probability of cracking is 
depressed close to existing cracks as the stress is low in the vicinity of the 
crack (zero in the plane of the crack). The load in the 90° ply builds up away 
from the crack by shear load transfer from the 0° plies. The stress is low 
between closely spaced cracks and so if two cracks are close together, not 
enough stress can be transferred back into the 90 ° ply between the two 
cracks, to reach a high enough stress for another crack to form. Also, as the 
applied load increases, so the level of stress will increase. Stress transfer at 
higher applied loads is limited by shear yielding of the 0/90 interface and this 
will affect the stress that can be transferred back in to the 90 ° ply and 
hence limit the crack density. This is in contrast to the elastic shear lag 
model which predicts that as the applied stress increases, the density of 
cracks will increase. Though the rate of increase will drop as the density 
increases, the stress would always be able to increase enough to cause 
another crack (up to laminate failure) i.e. a saturation crack spacing would 
not exist. 
Garrett and Bailey (1977) studied the effect of transverse ply thickness on the 
crack multiplication process and final spacing between· cracks in 
glass/polyester laminates. At higher applied stresses the limiting value of 
crack spacing was dependent on ply thickness. Bader et al. (1979) and Bailey 
et al. (1979) have also shown similar results for carbon/epoxy cross-ply 
Page 11 
Chnnter 2 1 T jterature Reyjew 
laminates. Parvizi et al. (1978) found the same trend in saturation crack 
spacing with ply thickness for glass/epoxy laminates. 
Manders et al. (1983) also studied the distribution of crack spacing developed 
under tensile loading. They suggested that there is effectively an 'unstressed' 
region either side of each transverse crack, the length of which is 
approximately equal to the inner ply thickness. This would account for the 
dependence of crack spacing on ply thickness as the larger the ply thickness 
becomes, the larger the unstressed region hence it becomes more difficult for 
a crack to initiate near the original crack. Manders et al. noted also that 
distributions of crack spacings were not consistent with the assumption of a 
uniform strength value which had been assumed in previous papers, e.g. 
Garrett and Bailey (1977), as new cracks did not regularly form midway 
between two other cracks. This observation regarding the variability of 
transverse ply strength led the authors to develop a statistical model to 
describe the cracking behaviour. 
2.3 THEORETICAL MODELLING OF TRANSVERSE PLY CRACKING 
IN CROSS-PLY LAMINATES 
2.3.1 INTRODUCTION 
If a cross-ply laminate is to be used in any particular application, it is 
obviously desirable that the strain at which the first transverse ply failure 
occurs, and the subsequent development of cracks, can be predicted 
theoretically. Numerous theories have been developed which concentrate on 
predicting first ply failure, the multiplication of transverse cracks and also on 
the effect of cracking on thermoelastic properties. The two main types of 
theoretical predictions are strength-based and fracture-Mechanics-based 
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models. The first approach assumes that the strength distribution of the 
transverse ply is the controlling parameter and progressive cracking is then 
governed by the transverse ply stress distribution. Examples of work using 
this type of model are Hahn and Tsai (1974), Garrett and Bailey (1977), 
Parvizi and Bailey (1978), Manders et al. (1983), Peters (1984,1986), 
Fukunaga et al. (1984). The fracture mechanics approach is generally based 
on considering the energy changes between uncracked and cracked states. 
Examples of the use of this type of model are Parvizi et al. (1978), Wang and 
Crossman (1980), Hahn and 10hannesson (1983), Flaggs (1985), Caslini et al. 
(1987), Boniface et al. (1991a) and Maddocks and McManus (1995). It is 
suggested (Leaity et al., 1992b) that fracture mechanics based models 
incorporating a statistical element (to account for effects such as distribution 
of lamina toughness) are appropriate for thin ply behaviour, while for 'thick' 
plies a statistically based strength approach is more appropriate. Before either 
of these approaches can be applied, a stress analysis needs to be carried out. 
The resulting stress transfer model, e.g. shear-lag theory, accounts for the 
redistribution of stress in the vicinity of a transverse crack. These stress 
transfer models are discussed in the following section. The results of these 
stress transfer models can be used to predict property reduction and this is 
discussed in section 2.3.3. Strength based models are reviewed in section 
2.3.4 while fracture-mechanics-based models are discussed in section 2.3.5. 
2.3.2 STRESS TRANSFER ANALYSIS 
One of the most widely used forms of stress transfer analysis is the shear-lag 
theory. When a transverse crack occurs, the load in the plane of the crack is 
carried by the 00 ply as no load can be transmitted across the crack surfaces. 
The shear-lag analysis determines how this load is redistributed back into the 
90 0 ply by shear as a function of distance from the crack. The manner in 
which load is transferred back into the 90 0 ply affects the position where the 
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ply strength is next exceeded and thus determines the location of the next 
crack. Shear-lag theory gives a mathematical description of the stresses in the 
two plies adjacent to the crack. The shear-lag model is not a rigorous solution 
for the stress transfer problem as it does not obey all the boundary and 
equilibrium conditions, also, crack tip singularities are ignored. In some 
cases, e.g. Garrett and Bailey (1977), Parvizi and Bailey (1978), Caslini et 
al. (1987), it is assumed that the load is shed back into the transverse ply by 
shear across the 90° ply, while in other models, e.g. Highsmith and 
Reifsnider (1982), Fukunaga et al. (1984), Peters and Chou (1987), Peters 
and Anderson (1989), Lim and Hong (1989), the load is taken to be shed back 
into the 90° ply by shear of a thin resin-rich region between the 0° and 90° 
plies. Some shear-lag models allow 0° plies to shear too, e.g. Lee and Daniel, 
1990. In the models where load is transferred by shear of the 90° ply, authors 
have made varying assumptions. Garrett and Bailey (1977) for example, used 
a linear displacement profile giving uniform shear across the transverse ply 
(linear shear-lag). In parabolic shear-lag analyses, e.g. Boniface and Ogin 
(1989), the variation of longitudinal displacement across the thickness of the 
transverse ply is taken to be parabolic. It seems likely that parabolic shear lag 
is more reasonable physically. Varna et al. (1997) studied the crack opening 
profiles of transverse cracks at 0.5 % mechanical strain in a range of GFRP 
crossply laminates and their data suggest that the variation of longitudinal 
displacement across the thickness of the transverse ply is 
rather than linear. 
parabolic 
As a specific illustration of the shear-lag approach, we consider the model 
used by Boniface et al. (1991a) which originated from Steif (1984). In this 
analysis, load is shed back into the transverse ply from the longitudinal ply 
by shear of the transverse ply. The longitudinal displacement profile across 
the transverse ply is assumed to be parabolic and the longitudinal 
displacement across the longitudinal ply is assumed constant. Using an xy 
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coordinate system with its origin at the centre of the transverse ply midway 
between two cracks spaced 2s apart, the longitudinal stresses in the 
longitudinal and transverse plies are given by 01 and O2 respectively, where 
where 
bEl +dE2 E =----
o b+d 
(2.2) 
(2.3) 
(2.4) 
The plies have moduli EI and E2 parallel and perpendicular to the fibres 
respectively, and Eo is the uncracked laminate modulus. 2d is the central ply 
thickness, b is the longitudinal ply thickness, a is the applied stress and aT 
is the thermal stress. The quantity A is given by: 
(2.5) 
where ex = 3 and G23 is the transverse shear modulus. If the longitudinal 
fl)b&. 
displacement profile across the transverse ply is assumed~linear rather than 
parabolic then, following the model of Garrett and Bailey (1977), the value 
for ex becomes 1 instead of 3. Some shear-lag analyses incorporate a 
parameter that cannot be determined experimentally and which is therefore 
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of necessity used as an additional parameter to fit theory to experimental 
data. This is true in resin layer models and others such as that used by Laws 
and Dvorak (1988). 
Although the use of a shear-lag model is common, there are alternative 
approaches to carrying out an analysis of the stress distribution in cross-ply 
laminates. Hashin (1985,1987), Nairn (1989) and Varna and Berglund (1992) 
used variational analyses. More general elasticity analyses were carried out 
by, e.g. Dvorak et al. (1985), Dvorak and Laws (1987) and in particular by 
McCartney (1992), McCartney et al. (1995). Stress distributions can also be 
investigated by numerical analyses based on finite difference, e.g. Pipes and 
Pagano (1970), Altus, Rotem and Shmueli (1980), or finite element analysis, 
e.g. Wang and Crossman (1977), Kim and Hong (1992), Guild et al. (1993) 
and Li and Wisnom (1996). Finite element analyses show that the parabolic 
shear-lag model is reasonably accurate, e.g. Guild et al. (1993). 
2.3.3 PROPERTY DEGRADATION 
Many authors have used stress-transfer models to study the reduction in 
laminate properties, especially stiffness, due to the presence of transverse ply 
cracks in continuous fibre composites. For example, the shear-lag equations 
presented in equations 2.2 and 2.3 can be used (e.g. Boniface and Ogin, 1989) 
to express the normalised longitudinal modulus (E/Eo) as a function of the 
average crack spacing 2s for a (0/90)8 laminate: 
E 1 
--
Eo l+(Eo)(b+d_ E})(tanh(As)) 
E} b Eo As 
(2.6) 
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and A is given in equation 2.4. E t • E2, Eo and E are the moduli of the 
longitudinal lamina, the transverse lamina, the uncracked laminate and the 
cracked laminate respectively; band d are the thicknesses of the longitudinal 
lamina and transverse lamina respectively; s is half the average crack 
spacing; G23 is the shear modulus of the transverse lamina in the longitudinal 
direction; and Ct = 1 for linear shear-lag and 3 for parabolic shear-lag. As the 
applied stress increases, the crack density of the laminate increases and the 
stiffness of the laminate is found to decrease, see for instance the well known 
data of Highsmith and Reifsnider (1982) shown in Figure 2.4. A number of 
the models which have been used to investigate property degradation are now 
reviewed. 
Highsmith and Reifsnider (1982) used a shear-lag analysis to predict the 
longitudinal modulus as a function of transverse ply crack density in GFRP 
cross-ply laminates. A ply discount method was used to estimate the 
longitudinal modulus when damage was fully developed. The ply discount 
method assumes a cracked off-axis ply has lost its transverse and shear 
stiffness and the modulus of the laminate is recalculated taking the transverse 
and shear moduli of the cracked ply to be zero. The shear-lag analysis was 
found to underestimate the stiffness reduction at high crack densities while 
the ply discount method overestimated the modulus reduction when damage 
was fully developed. The ply discount method was used subsequently by 
Talreja (1985) who also concluded that the model was unreliable for 
predicting minimum values of the moduli of cracked laminates. 
Continuum damage characterization was used by Talreja (1985, 1986) who 
assumed linear stiffness-damage relationships to predict the stiffness 
reduction from crack initiation to crack saturation. It was shown that cracking 
reduces all elastic constants and predictions of longitudinal Young's moduli 
changes give good agreement with experimental data albeit that there is a 
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certain amount of fitting of empirical constants to experimental data. 
Dvorak et al. (1985) used the self-consistent scheme to calculate compliance 
change with crack density for a composite lamina subjected to uniform 
mechanical loads and thermal changes. The change in compliance is 
equivalent to a measure of the change in stiffness since compliance is the 
inverse of stiffness. The compliance as a function of crack density was 
plotted for a CFRP laminate and the compliance was found to increase 
gradually as crack density increased. This is in contrast to the relatively rapid 
reduction in stiffness usually seen. 
Hashin (1985) used a variational approach to develop expressions for the 
stresses and hence to determine the stiffness reduction in a cracked cross-ply 
laminate. The model made only one assumption, that normal stresses in the 
load direction are constant over the ply thickness. The entire stress state can 
be expressed in terms of an undetermined function cI»(x). Using the principle 
of minimum complementary energy, the value of <I>(x) which minimises the 
complementary energy will give an approximate stress system. This was then 
used to determine the stiffness reduction. The theoretical results were 
compared with experimental results for glass/epoxy laminates from Highsmith 
and Reifsnider (1982). The Young's modulus obtained for the cracked 
laminate is a strict lower bound though reasonable agreement was shown 
between the model and experimental data. Hashin (1987) also used a 
generalised form of the model to predict stiffness reduction in orthogonally 
cracked laminates. No experimental data were provided for comparison with 
theoretical results. 
Compliance data were calculated also by Nuismer and Tan (1988) who used 
an approximate elasticity solution for the stress-strain relations of a cracked 
composite lamina. These were presented in the form of 2-D compliances 
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appropriate for use with laminated plate theory (LPT) and included non-
mechanical strains. The relations were used to predict laminate stiffness as 
a function of 90° crack density in (±8m/90n) s laminates. The predictions 
compared favourably with results obtained from finite element analysis. 
Later the authors studied stiffness degradation further (Tan and Nuismer, 
1989). Closed form solutions were obtained for laminate stiffness and 
Poisson's ratio as a function of crack density or load level. The analysis 
requires some basic mechanical and thermal properties obtained from uniaxial 
ply testing. Theoretical results for stiffness loss in cross-ply GFRP laminates 
were compared to experimental data and shear-lag predictions from 
Highsmith and Reifsnider (1982). The experimental data were in closer 
agreement with the elasticity theory than with the shear-lag theory. 
Han and Hahn (1989) proposed a resistance curve (R-curve) in order to 
characterize the resistance to the multiplication of transverse cracks. The 
model based on a parabolic crack opening, was used to investigate 
mechanical property degradation due to transverse ply cracking. The analysis 
predicted the decrease in longitudinal modulus with increased cracking as 
well as the reduction in Poisson's ratio and shear modulus. When compared 
to experimental data there was good correlation for both longitudinal modulus 
and Poisson's ratio reduction. The decrease in shear modulus was 
underestimated by the model. They suggest that this discrepancy is probably 
due to non-linearity of the shear modulus. Poisson's ratio and the shear 
modulus decrease more rapidly than the Young's modulus because fibre 
properties dominate the longitudinal modulus while matrix properties are 
more significant in the Poisson's ratio and shear modulus. 
A one-dimensional shear-lag model of the resin-rich region type originating 
in Highsmith and Reifsnider (1982) and Fukunaga et al. (1984) was utilised 
by Lim and Hong (1989) to model the effect of transverse cracks on stiffness 
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reduction, and investigate changes in the coefficient of thermal expansion for 
CFRP and GFRP cracked cross-ply laminates. It was found, not surprisingly, 
that the stiffness reduction became more marked with increasing (d/b) ratio. 
By increasing the 90° ply thickness, more load is carried by the 90° layer 
and a larger crack opening displacement (COD) of a transverse crack results 
for a given applied load. There was a discrepancy between the predictions 
and experimental data, which was greater for GFRP laminates, but the general 
behaviour suggests a similarity with experimental data. Smith and Wood 
(1990) also used a shear-lag analysis to develop an analytical model for the 
change in Poisson's ratio as a result of transverse ply cracking in cross-ply 
laminates. The model was used to predict the decrease in longitudinal 
modulus as well as in Poisson's ratio for an increasing crack density in cross-
ply laminates. 
McCartney (1992) developed a 2-D model to predict stress transfer between 
the 0° and 90° plies in a cross-ply laminate containing transverse cracks. The 
model was based on an admissible stress distribution presented by Hashin 
(1985). It was used to predict stress and displacement distributions and the 
longitudinal values of Young's modulus, Poisson's ratio and thermal 
expansion coefficient as a function of crack density for cross-ply laminates 
with an array of equally spaced cracks. The analysis gave closer predictions 
for the reduction in Young's modulus than those calculated by Hashin (1985) 
when compared to experimental results obtained by Smith and Wood (1990). 
2.3.4 STRENGTH BASED MODELS 
The strength based models for progressive cracking follow directly from the 
stress transfer analysis. A strength based model based on a shear-lag analysis 
for cross-ply laminates was developed first by Bailey and co-workers (Garrett 
and Bailey, 1977; Parvizi and Bailey, 1978; Bader et al., 1979; Bailey et al. 
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1979). These early models assumed a unique ply strength, and that the 
transverse ply would first crack when the stress in the 90° ply reached this 
unique ply strength. A second crack could form only when the ply strength 
was exceeded. It was also supposed that as the load increased, a crack would 
form exactly midway between two cracks since this is the point at which the 
stress is highest. The model was used to predict crack spacing in laminates 
as a function of applied stress. The bounds for the crack spacing were 
provided by continuous upper and lower curves and there was reasonable 
agreement between the model and experimental data for glass/epoxy 
laminates, e.g. Parvizi and Bailey (1978). For CFRP laminates, the residual 
thermal stress needs to be taken into account (Bader et al., 1979; Bailey et 
al., 1979) as these residual thermal stresses are much more significant in 
CFRP laminates than in GFRP laminates. Reasonable agreement with 
experimental data was found. An obvious problem with this model is that the 
assumption of a unique ply strength is unlikely to be valid. Processing defects 
such as voids or micro-cracks can act as sites for premature failure of the 90 ° 
ply. Also, as discussed earlier, there is an inherent variation in fibre packing 
which may lead to premature failure due to the associated variation in the 
strain magnification factor. 
It has been shown experimentally by measuring the distributions of crack 
spacing developed in the 90° ply of (0/90/0) GFRP laminates (e.g. Manders 
et al., 1983) that the transverse ply has a variable strength. Hence to improve 
the accuracy of the strength based model, the statistical variation in 
transverse ply strength needs to be considered. Manders et al. (1983) 
combined a shear-lag solution for the stress between cracks with a statistical 
description of the non-uniformity of strength in the transverse ply. A two-
parameter Weibull distribution was used to derive the variation in ply 
strength. This can be expressed as: 
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(2.7) 
where P t<.Vo) is the probability of volume Yo failing at a stress of 0 and can 
be found from the rank method P t<Vo) = n/(N+ 1); 0 0 is the characteristic 
stress at which 63% of samples fail; w is the Weibull modulus or shape 
parameter. 
The statistical model relies on fitting the shape parameter from experimental 
measurements of crack spacing in cross-ply GFRP laminates. The model then 
gives good predictions of the crack density in the transverse ply as a function 
of applied strain, although the approach was most appropriate when crack 
spacings were large as the stress between cracks is relatively uniform. In this 
situation, the weakest points in the ply determine where the next crack forms. 
This could explain why the model proposed by Bailey and co-workers is less 
accurate at low strains when the cracks are widely spaced. Manders et 
al.(1983) suggest that when the crack spacing is significantly larger than the 
unstressed length, the probabilistic model is appropriate, and when it is of 
similar magnitude the model described by Bailey and co-workers is more 
appropriate. It is worth noting that due to the statistical variation of ply 
strength one would expect a size effect in which the strain for first cracking 
decreases as the length of the sample increases, and also as the thickness of 
the ply increases. 
A similar statistical strength analysis was used by Fukunaga et al. (1984) to 
examine transverse crack multiplication in CFRP laminates. A shear-lag 
analysis was used to determine the stress distribution and a two-parameter 
Weibull distribution accounted for ply strength variability. In this model, 
effects due to thermal residual stresses and Poisson's strains were also taken 
into consideration. It was assumed that a new crack occurs midway between 
two existing cracks at 50% failure probability, and a constant Weibull shape 
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parameter was assumed, though it was thought that this may vary with 
specimen size and/or ply thickness. Comparisons between predicted and 
experimental data showed reasonable agreement. 
Peters (1984,1986) also used a similar two-parameter Weibull distribution to 
describe the strength of the 90 0 ply in CFRP. It was shown that at decreasing 
90 0 ply thicknesses the shape parameter increases. This was thought to be 
associated with an effect whereby at small 90° ply thicknesses the growth of 
defects lying close to the 0/90 interface is suppressed due to the stiff 0° 
surface plies, while at larger 90 0 ply thicknesses the effect of the interface 
is reduced. It was noted that because of the changing shape parameter at 
decreasing ply thicknesses, a description of the thickness effect by a Wei bull 
shape parameter may be impossible. 
Weibull statistics have also been applied to various other types of composite 
laminates. For instance, Weibull strength distribution plots were constructed 
by Rezaifard et al. (1994 a,b) to study the transverse strength distribution of 
CFRP using hybrid laminates consisting of two outer GFRP plies and a CFRP 
core. 
2.3.5 FRACTURE MECHANICS BASED MODELS 
2.3.5.1 Introduction 
The strength based approach is of most relevance in situations where crack 
initiation is the controlling mechanism, i.e. in laminates with 'thick' 
transverse plies. For laminates with 'thin' transverse plies the controlling step 
of first ply cracking is the propagation of a micro-crack which spans the 
transverse ply thickness, across the width of the laminates. In this situation 
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a fracture mechanics approach is ideal as such models contain an implicit 
assumption that there is a pre-existent flaw spanning the transverse ply 
thickness available to propagate across the width of the ply. This pre-existent 
flaw has been modelled in various ways. The flaw is usually assumed to span 
the thickness of the transverse ply, e.g. Caslini et al. (1987), Han et al. 
(1988), Varna and Berglund (1992). This is likely to be true when the 
transverse ply is 'thin' but not for 'thick' transverse plies, so some authors use 
the idea of a flaw that partially spans the thickness and width as a way of 
explaining the thin/thick ply differences, e.g. Ogin and Smith (1985), Dvorak 
and Laws (1987). Other authors, e.g. Wang and Crossman (1980), Wang et 
al. (1984) have developed models based on a flaw spanning the width of the 
transverse ply and growing across the thickness. Such approaches appear to 
be physically unrealistic. Fracture mechanics models will make 
underestimates of the first ply cracking strain in laminates where the 
initiation of the flaw is the controlling process. Such a situation occurs when 
the central transverse ply is thick and the predicted strain for first cracking, 
based on fracture mechanics, is below the strain at which a flaw initiates (e.g. 
by matrix failure or fibre-matrix debonding) - consequently initiation and 
propagation are simultaneous and catastrophic. 
2.3.5.2 Energy Based Models 
In the fracture mechanics approach it is postulated that a new transverse 
crack will form when it is both mechanistically possible and energetically 
favourable (Bader et al., 1979). It was argued that the mechanistic possibility 
of crack propagation is guaranteed by the presence of a stress singUlarity at 
the crack tip. This was based on the experimental observation of the 
development of micro flaws caused by fibre matrix debonds. These debonds 
provide a stress singularity which can serve as a micro-crack nucleation site. 
So there are two issues that need to be considered. First, there has to be a 
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flaw that spans the thickness ready to propagate across the width and 
secondly, there has to be a stress singularity at the tip of the flaw thus, the 
fracture problem is reduced to satisfying energetics criteria. Accordingly, 
most fracture mechanics based models use an energetics approach and 
calculate the strain energy release rate associated with transverse ply growth, 
e.g. Hahn and Johannesson (1983), Caslini et al. (1987), Dvorak and Laws 
(1987), Han et al. (1988), Nairn (1989). If the calculated strain energy release 
rate, G, exceeds the critical strain energy release rate, Gc;, crack growth 
results, otherwise the crack remains stationary. These models are now 
commonly used for systems with low to moderate toughness. In a system with 
high toughness there are difficulties due to the fact that only a certain part of 
the experimentally measured fracture energy is responsible for the 
propagation of the main crack. Additional irreversible phenomena such as 
micro-cracking and plastic deformation absorb the major part of the measured 
energy (Berglund et al. 1992). Other models have used an approximate stress 
intensity factor based approach to develop a criterion for first ply failure 
strains, e.g. Ogin et al. (1985b), Ogin and Smith (1985, 1987). An overview 
of these fracture mechanics based models is now presented. 
Parvizi et al. (1978) used a shear-lag model and an energetics approach based 
on earlier work by Aveston and Kelly (1973) to predict the increasing first 
ply cracking strain with decreasing transverse ply thickness in cross-ply 
GFRP laminates. This energetics approach was based on the thermodynamic 
requirement that the release of stored energy when a crack forms should 
exceed the energy of formation of the new crack surface. Their theory shows 
good agreement with experimental data for 'thin' transverse plies, but not for 
thicker plies (Figure 2.3). This is expected from the previous discussion 
concerning the applicability of fracture mechanics models. 
Wang et al. (1984) developed a statistical simulation model for the growth 
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of mUltiple matrix cracks in cross-ply CFRP laminates using the strain energy 
release rate for propagation of a distribution of flaws which span the sample 
width and grow across the ply thickness. It is assumed that a normal 
distribution of effective flaws exist along the length of the 90° layer. The 
'worst' flaw will propagate and form the first transverse crack when the 
available energy release rate, G, equals the material critical energy release 
rate, Gc;. With increasing applied load, flaws of lesser size continue to form 
transverse cracks allowing multiple failures of the 90° ply. Graphs of crack 
density versus laminate stress were presented for experimental data and 
theoretical predictions. The results of the analysis, which of necessity 
included some empirical fitting, were comparable to the experimental data. 
Dvorak and Laws (1986,1987) explored the influence of transverse ply 
thickness on cracking mode. Assuming the presence of a flaw partially 
spanning the width and thickness (see Figure 2.5) they derived the strain 
energy release rate for crack propagation in two different directions, i.e. the 
propagation of a flaw parallel to the fibre direction, across the ply width and 
the propagation of a flaw perpendicular to the fibre direction, across the ply 
thickness. Crack propagation in the direction of the fibre axis was found to 
control the strength of thin plies while cracking in the direction perpendicular 
to the fibre axis determined the strength of thick plies. The first ply failure 
stress for plies of different thickness could be predicted provided that the ply 
toughness and initial flaw sizes were known. The theory predicts a significant 
increase in strength with decreasing ply thickness in constrained 'thin' plies 
in which the ply thickness determines the initial flaw size. The strength of 
'thick' plies was found to be constant, but it may be reduced by pre-existing 
damage. Plies of intermediate thickness were also studied (Dvorak and Laws, 
1987). LPT was used to compare the theory with experimental data from 
Bailey et al. (1979) for cross-ply GFRP laminates. There was good agreement 
for thin plies but the analysis overestimated the transverse strength of the 90 0 
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ply for laminates with thick pliesragain as expected based on prevIous 
discussion. 
Caslini et al. (1987) developed a fracture mechanics analysis for the strain 
energy release rate associated with 90° ply crack formation assuming the 
presence of a through-the-thickness flaw. A closed-form expression for 
stiffness loss (based on shear-lag theory) as a function of crack density was 
used to derive an equation for the strain energy release rate for matrix 
cracking based on a uniform array of cracks. All matrix cracks were treated 
as a single equivalent flaw. By setting the crack density to zero, the critical 
strain energy release rate, Gt was evaluated for the onset of 90° ply matrix 
cracking. Crack growth resistance curves for 90° ply matrix cracking were 
obtained from experiments. The apparent critical G value increased with 
increasing crack density, i.e. progressive laminate resistance to formation of 
new cracks as the number of matrix cracks increased. This increased crack 
growth resistance they argued, results from the constraint and load transfer 
capability of the neighbouring plies adjacent to the cracked ply. There is a 
reduced load transfer capability in the adjacent plies as the crack spacing 
decreases. The authors use the application of an R-curve as a criterion for 
interpreting multiple matrix crack growth when 90° plies are surrounded by 
0° plies. 
Laws and Dvorak (1988) considered the formation of a transverse crack 
(spanning the width and thickness of the transverse ply) at an arbitrary 
location between two existing cracks. They use a shear-lag stress transfer 
model combined with their earlier energy balance analysis (Dvorak and Laws, 
1987) to obtain an expression for the strain energy release rate associated 
with the crack formation. They then argue that a transverse crack will 
propagate when it is energetically favourable and that the location of this 
transverse crack is associated with a probability density function. It was 
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suggested that the probability density is proportional to the stress in the 
transverse ply. The analysis leads to a final expression for the expected stress 
at which a new transverse crack will form. There was reasonable agreement 
with experimental data (Highsmith and Reifsnider, 1982). 
Han, Hahn and Croman (1988) analysed crack initiation and multiplication 
in symmetric cross-ply laminates based on the concept of a through-the-
thickness inherent flaw, proposed by Hahn and Johannesson (1983), and an 
energy balance principle. With a second order polynomial assumed for the 
crack opening displacement, the perturbed stress field due to the presence of 
ply cracks was determined from equilibrium conditions. The energy released 
as a result of ply cracking was then calculated and used to predict the 
increase in crack density with stress. Based on an experimental correlation 
of the analytical result, a resistance curve (R-curve) was proposed to be used 
as a measure of the resistance to crack multiplication in a similar manner to 
Caslini et al. (1987). For this, fracture energy was plotted versus crack 
density and the resistance to crack multiplication was shown to increase with 
increasing crack density, see Figure 2.6. A graph of applied stress versus 
crack density was also plotted. For these two R-curve studies (Han et al., 
1988; Caslini et al., 1987), the load transfer effect is accounted for in the 
model, which means that the R-curve is a statistical effect, i.e. weaker 
regions in the samples crack first and as the crack density increases, 
progressively stronger/tougher sites crack. Comparison of predicted and 
experimental data for CFRP cross-ply laminates showed good agreement for 
'thin' transverse plies but increasingly poor correlation as the ply thickness 
increases due to the assumption of a through-the-thickness flaw. Whereas the 
resistance curve for homogeneous materials characterises the increasing 
resistance to crack growth due to crack tip damage, the resistance curve for 
crack multiplication in composite laminates represents the inhomogeneity of 
fracture energy. 
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A variational solution was developed by Nairn (1989) which built upon the 
approach of Hashin (1985) and included the effects of residual thermal 
stresses. The model was used to calculate the compliance change and hence 
the strain energy release rate due to micro-cracking. The compliance is an 
upper bound to the true value (as the calculated stiffness is a lower bound, 
Hashin 1985). The strain energy release rate equation was used along with a 
single value for the critical micro-cracking fracture toughness to predict the 
micro-crack density as a function of applied stress in (Om/90n)s glass/epoxy 
laminates. The theory was compared to data from Highsmith and Reifsnider 
(1982) for (0/903)5 and (9~/0)s GFRP laminates. A good correlation between 
theory and experiment was reported. These laminates would probably be 
classed as having 'thick' transverse plies while the theory is probably better 
for laminates with thinner transverse plies where cracking is energy 
controlled. 
In later papers, Nairn and co-workers (Liu and Nairn, 1992; Nairn et ai, 
1993) used the same model and obtained good correlation with experimental 
data for transverse ply crack density as a function of applied stress for many 
cross-ply laminates (17 different lay-ups). Some of the limitations of models 
which use a less sophisticated stress analysis (e.g. of shear-lag type) were 
demonstrated. The authors note that their model overestimates the stress at 
which first cracks form and they attribute this to the presence of 
imperfections in the laminate. They suggest that initial cracking is less 
representative of laminate behaviour than the whole curve of crack 
accumulation with applied stress. 
Varna and Berglund (1992) used a modified variational analysis and the 
principle of minimum complementary energy to describe the stress state 
around a through-the-thickness crack in (Om/90n)s cross-ply laminates. The 
solution includes a non-linear stress distribution in the laminate thickness 
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direction for 0° plies and was obtained from variational analyses on the 
whole ply and also the outer plies separately, this is to allow for cross-ply 
laminates with a high bId ratio, i.e. large constraint effects. A failure criterion 
based on linear elastic fracture mechanics is used to predict the onset of 
transverse matrix cracking in cross-ply laminates. The theoretical data 
produced from both this model and Hashin's (1985) variational model were 
compared with experimental data (Bader et al., 1979) in the form of 
mechanical cracking strains versus d, half thickness of the 90° layer. Varna 
and Berglund's modified analysis showed better agreement than Hashin's at 
small ply thicknesses but both underestimated the cracking strain at large ply 
thicknesses. This discrepancy between theory and experiment at large ply 
thicknesses is due to the assumption in both models (and also in Nairn's 
model, 1989) of an existing through-the-thickness flaw. This assumption is 
only likely to be valid at small ply thicknesses. 
An energy balance consideration was also used as the basis of a fracture 
criterion by Tan and Nuismer (1989) to model the progressive matrix 
cracking in laminates that contained a cracked 90° ply and were SUbjected to 
uniaxial tension or shear loading. First an approximate stress analysis was 
carried out followed by the fracture criterion. Closed form solutions were 
obtained for laminate stiffness and Poisson's ratio as a function of crack 
density or load level. First ply failure strains were also predicted for various 
ply thicknesses and the results obtained were similar to those obtained with 
shear-lag theory. 
McCartney (1993) has also studied the effect of biaxial loading on transverse 
cracking. Using energy balance concepts and accounting for thermal residual 
stresses the formation of mUltiple transverse cracks is considered. It has been 
shown that the occurrence of transverse cracks which are formed 
simultaneously or progressively either at regular or random intervals, can be 
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characterised by the energy absorbed per unit volume during micro-cracking. 
The author indicated schematically how this quantity can be estimated from 
experimental stress/strain curves. By measuring the energy absorbed at a 
range of points on a stress/strain curve and the corresponding linear elastic 
constants, data could be obtained which is then used to relate the change in 
elastic constants as a function of energy absorbed and it is possible to 
develop an equation which predicts the relationship between the biaxial 
stresses needed to generate a specified amount of absorbed energy. 
Research was also undertaken to develop criteria for predicting non-uniform 
progressive cracking of the 90° ply in the laminate (McCartney, 1994). Using 
an energy based approach to transverse cracking in conjunction with the 
generalised plane strain model of stress transfer, criteria for the formation of 
transverse cracks under biaxial loading conditions were developed taking 
thermal residual stresses into account. One criterion predicted progressive 
uniform transverse cracking where the crack density progressively doubled 
at specific applied strain levels. A more realistic approach, where cracks form 
one at a time, was predicted using a relationship involving statistically 
distributed fracture energies. This latter model enables very good predictions 
of crack density as a function of applied stress to be made (McCartney, 
1998). 
Boniface, Smith, Rezaifard and Bader (1997) studied the initiation and 
propagation stages of transverse ply cracking in cross-ply CFRP laminates 
under quasi-static loading using laminates with a range of transverse ply 
thicknesses. Specimens of two types were tested, which had either polished 
edges or notches introduced into the transverse ply by pressing a scalpel 
blade firmly against the edge of the coupon prior to testing. Experimental 
data presented in the form of crack propagation strain plotted against 
transverse ply thickness, showed that for ply thicknesses of greater than 0.25 
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mm (for 922 matrix data) it is crack initiation which controls transverse ply 
cracking since the data for crack formation in the notched samples lie below 
the data for unnotched samples in which initiation and propagation are 
apparently simultaneous. In the unnotched samples with the thinnest ply 
(0.125 mm), edge initiation was observed at strains lower than those required 
for full-width propagation. Hence at this ply thickness, crack formation is 
propagation controlled. Fracture mechanics models for transverse cracking 
which assume the presence of inherent flaws are based on the propagation of 
the inherent flaw. Consequently, the experimental results have shown that 
fracture mechanics models are most applicable for laminates with 'thin' plies 
(less than 0.25 mm for 922 matrix). Hence, these models will underestimate 
the failure strain of laminates with thick transverse plies. This work also 
showed that a thick ply will crack at around the strain level predicted by 
fracture mechanics if a starter defect is introduced into the transverse ply. 
Finally, in an alternative approach Ogin and Smith (1985,1987) used an 
approximate stress intensity factor approach to find the laminate strain for 
first ply cracking of the transverse plies for different transverse ply 
thicknesses. An expression for the stress intensity factor, K, was developed 
for a flaw spanning the thickness of the 90° ply that could be used to find the 
laminate strain to first cracking for different ply thicknesses. Criteria for fast 
fracture in thick and thin laminates were derived, along with a prediction of 
the transition ply thickness. GFRP and CFRP cross-ply laminates were 
studied (Ogin and Smith, 1985 and 1987 respectively). For thin cross-ply 
GFRP laminates the predictions agree well with the experimental data of 
Parvizi et al. (1978). Good agreement was also obtained with the 
experimental observation of thick/thin behaviour transitions for GFRP and 
CFRP laminates. 
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2.4 ANGLE-PLY LAMINATES 
2.4.1 INTRODUCTION 
The term 'angle-ply' covers a wide range of laminate lay-ups. For the purpose 
of this review we define an angle-ply lay up as one which contains plies at 
an angle other than 0° or 90° e.g. (±6/90)s' (O/90/±6)s' (±6)s' (0/6/0). The ply 
in which matrix cracking occurs first obviously depends on the lay-up used. 
For example matrix cracking is observed initially in the 90° plies in (±6/90)s 
laminates, whereas in (0/6/0) laminates matrix cracking is observed in the 6 ° 
ply. As indicated earlier, understanding matrix cracking in off-axis (6°) plies 
is very important in a number of composite applications including filament 
wound vessels and pipes. To analyse matrix cracking in angle-ply laminates 
there is a need for an appropriate mixed mode failure criterion to be 
identified - work in the related area of delamination suggests that finding 
such a criterion will not be straightforward. 
In the following sections, 90° ply matrix cracking in angle-ply laminates will 
be considered as well as 6° (6~900) ply matrix cracking. The first section 
describes the experimental observations of matrix cracking in these laminates. 
The second section will discuss the theoretical models used to predict matrix 
cracking in angle-ply laminates. 
2.4.2 EXPERIMENTAL OBSERVATIONS OF 90° PLY CRACKING 
The effect of 90° ply thickness on the cracking behaviour of (±62/90J. CFRP 
laminates was examined by Flaggs and Kural (1982). Experimental results 
were obtained for cases where 6 was 0°,30° and 60 0 • The data indicated that 
the transverse stress at the onset of cracking in the 90 0 ply is a function of 
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both 90° ply thickness and the orientation of the adjacent plies. As the 90° 
ply thickness increases, the constraining effect of the adjacent laminae 
decreases and therefore the in-situ strengths decrease. As 6 increases the 
constraining effect of the outer plies decreases and the in-situ strength 
decreases (Figure 2.7). With regard to the effect of decreasing ply thickness, 
this is the same trend found by Garrett and Bailey (1977) for cross-ply 
laminates and Crossman et al. (1980) for (±25190n)s laminates. The results 
suggest additionally that reducing the modulus of the constraining plies 
decreases the threshold cracking strain. 
Experimental studies of cracking in angle-ply laminates often involves the 
study of interlaminar cracking (delamination) as well as intralaminar 
cracking, e.g. Wang (1980), Wang and Crossman (1980), Law (1984), O'Brien 
(1982,1984). Such studies are usually based on (±6/90n). laminate lay-ups 
where 6 is a small angle such as 25 0, e.g. Crossman et al. (1980), Crossman 
and Wang (1982), as these laminates are prone to delamination. 
As well as studying delamination, Crossman et al. (1980) investigated 90° 
ply cracking in (±25190n). CFRP laminates and looked at the different failure 
modes that were seen as the 90° ply thickness changed. In 'thin' plies initial 
failure was found to be free-edge delamination with the simultaneous 
appearance of transverse cracks. For 'thick' plies transverse ply cracking was 
the first failure mode followed by free-edge delamination along the 25/90 
interface at higher strains. The phenomenon of near simultaneous matrix 
cracking and delamination has been noted by other workers. O'Brien and 
Hooper (1993) studied matrix cracking and delamination in laminates with a 
(02/6 2/-6 2). lay-up where 6 = 15°,20°,25° and 30° and in these laminates 
there was no evidence of matrix cracks without delamination or vice versa. 
There have also been investigations into the effect of laminate stacking 
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sequence on damage in angle-ply laminates. Masters and Reifsnider (1982) 
studied the effect of lay-up on edge damage patterns in quasi-isotropic CFRP 
laminates. The results gave a detailed description of the chronology of the 
damage development prior to failure. The (0/±45/90)s and (0/90/±45)s CFRP 
laminates developed two distinctly different crack patterns These crack 
patterns were created by the formation of transverse cracks which depending 
on the position and also the thickness of the two 90 ° plies. Crack spacing 
was unique to each lamina and different spacings were found for the 90 0 ply 
in each lay-up even though LPT predicts identical stresses in the individual 
plies (this is not surprising, because of ply thickness difference). 
2.4.3 6 0 PLY CRACKING 
..,tth 
In addition to studying 90° ply cracking, matrix cracking in plieskother off-
axis angles has also been investigated by various authors. (±6) type 
laminates are commonly constructed as filament wound vessels. Experimental 
results have shown that the behaviour of the filament wound vessels under 
biaxial loading conditions is strongly dependent on the winding angle, 6. 
Elastic constants, non-linear stress strain behaviour and failure mechanisms 
are all found to be affected by the winding angle (e.g. Spencer and Hull, 
1978, Soden et al., 1993). 
Herakovich (1982) investigated the effect of stacking sequence in (±6) type 
CFRP laminates with 6 = 10°, 30° and 45 o. Laminates with a (+6/-62). ply 
lay-up were classed as a clustered configuration, while laminates with a 
[(±6)2]. lay-up were classed as an alternating configuration. The alternating 
layer configuration provided significantly higher strength than the clustered 
configuration. The higher values for the alternating stacking sequence were 
explained to be the result of lower interlaminar shear stresses in the 
alternating layer configuration and a consequent delay in delamination onset. 
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Flaggs (1985) investigated the effect of off-axis ply angle in (02/6)5 CFRP 
laminates with 6 = 70°, 80° and 90°. From preliminary experimental tests 
it was found that matrix cracking initiates at decreasing laminate stress levels 
as the off-axis ply increases from 6 = 70° to 6 = 90° respectively. 
2.4.4 THEORETICAL MODELLING 
As with cross-ply laminates, most of the theoretical models used to predict 
matrix cracking in angle-ply laminates are based on the concept of a critical 
strain energy release rate as a criterion for crack growth, e.g. Wang and 
Crossman (1980), Law (1984), Flaggs (1985). Polynomial failure criteria 
have been employed by some workers, e.g. Kim (1981), Shahid and Chang 
(1995). Finite element analysis is commonly used as a way of analysing the 
more complex stress fields in angle-ply laminates especially to look at free 
edge stresses and also to verify the proposed theoretical models, e.g. 
Crossman et al. (1980), Kim and Hong (1986), O'Brien and Hooper (1993). 
Within this section the modelling of 90° cracking in (±6/90). - type angle-ply 
laminates will be considered first, followed by an overview of the modelling 
of 6 ply (6 ~ 90) cracking in various angle-ply laminates. 
Wang and co-workers have studied transverse cracking in (±2S/90n). CFRP 
laminates. A finite element technique was developed to calculate the energy 
release rate associated with the growth of flaws (spanning the width of the 
sample) across the thickness. A distribution of effective flaw sizes and 
locations in the transverse ply was introduced. The model was used to predict 
the onset of 90° ply cracking. Good correlation was found between 
theoretical and experimental data (Wang and Crossman, 1980). The finite 
element energy analysis also successfully predicted the observed 
independence of onset strain on 90° ply thickness in thick plies (Crossman 
et al., 1980) and the laminate failure sequence (Wang, 1980). Whilst this 
Page 36 
Chanter 2 1 T iterature Reyjew 
agreement may seem encouraging, it must be borne in mind that the assumed 
flaws appear unrealistic. 
Law (1984) developed a fracture analysis based on the energy release rate 
approach to predict the fracture events experimentally observed for the 
(±25190n)s family of CFRP laminates. The cracking events were numerically 
simulated using a finite element procedure. The model was used to predict 
whether 90° ply cracking or delamination was the first failure mode and also 
the onset strain for each fracture type. Good agreement was demonstrated 
between the theoretical results and experimental data for the onset strain of 
transverse cracking. 
Flaggs and Kural (1982) used a fracture mechanics approach basically 
identical to that of Parvizi et al. (1978), for predicting the in-situ strengths 
of (±6/90n). CFRP laminates. The model was found to predict the onset of 
90° cracking accurately only for the most constrained cases (when 6=0°). It 
was found that a Wei bull model did not properly account for either the 
thickness or interaction effects (i.e. effect of orientation of outer plies) 
observed experimentally. 
Flaggs (1985) used a mixed mode strain energy release rate fracture criterion 
in conjunction with an approximate 2-D shear lag model to predict matrix 
failure in angle-ply laminates. The model gave accurate predictions of mode 
I matrix failure in the 90° lamina of (±6/90n)s laminates and mixed mode 
matrix failure in the eo lamina of (02/6). CFRP laminates, compared to the 
experimental results of Flaggs and Kural (1982) although there was some 
fitting of empirical constants. Figure 2.8 shows the in-situ laminate stresses 
at onset of tensile matrix failure for the (02/6), laminates predicted from the 
2-D shear lag model. Good correlation between the experimental data and 
shear lag model is seen. Also shown for comparison is the biaxial stress state 
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in the inner lamina at first ply failure predicted using the Tsai-Wu theory. 
The in-situ lamina stresses predicted using the Tsai-Wu theory greatly 
underestimated the experimentally obtained stresses. This is due to the 
transverse strength, 0.1. , being obtained from testing a 9016 laminate, which 
is an underestimate of the real value of 0.1. for a (~/6A laminate and hence 
the predicted in-situ stresses are also underestimated. 
Zhang, Fan and Soutis (1992) using an extended 1-D shear lag model 
obtained a general expression for the energy release rate due to 90° matrix 
cracking in (±6m/90n)s composite laminates using the potential energy 
approach and the assumption of a through-the-thickness flaw. Thermal 
stresses were also accounted for. The laminate resistance to crack 
multiplication was examined for both uniform and non uniform crack spacing 
by substituting the measured applied stress/crack density data into the 
corresponding energy release rate expressions. A resistance curve concept, 
based on that of Han et al. (1988), was employed to model crack growth with 
increasing applied load. 
Shahid and Chang (1995) developed a progressive failure model for 
predicting the accumulated damage and the effect of such damage on the in-
plane response of laminated composite plates subjected to tensile and shear 
loads. The model consists of two parts; constitutive modelling (i.e. stress 
transfer analysis) and damage accumulation prediction. The authors used a 
mixed mode criterion for intralaminar cracking of polynomial form: 
(2.8) 
in which O2 and t 12 are the tensile stress and shear stress (perpendicular to the 
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fibre direction) and 02 u and tl2 u are the predicted in-situ strengths of the 
plies under pure Mode I and pure Mode II loading respectively - these 
strengths can be expressed in terms of the laminate properties and the 
appropriate toughness parameter. The model assumes damage would 
accumulate uniformly when the laminate is subjected to uniformly distributed 
loads. Experimental data against which such models can be tested are 
extremely limited and hence potential problems (for example the effect of 
material non-linearity in shear on what is essentially a linear elastic fracture 
mechanics based criterion) have not yet been addressed. 
A stress analysis was developed for bidirectional (cI>m/8n). composites by 
Daniel and Tsai (1991) by extending a general model developed earlier for 
a bidirectional composite (Tsai, Daniel and Lee, 1990) which used a I-D 
shear lag model allowing constraining ply as well as off-axis ply shear. The 
model gives closed form solutions for stress distributions, crack densities and 
reduced stiffnesses of the damage layers and the laminate. The use of a 
selected failure criterion such as the Tsai-Wu criterion is necessary to obtain 
the crack spacings for a given applied load. Applied to the case of a cross-ply 
laminate under general in-plane loading, the analysis was partially verified 
by conducting uniaxial tensile tests on (0/902). cross-ply laminates at 10 0 
from the 0° direction and monitoring deformations, cracking and mechanical 
properties with load. Measured stress-strain behaviour, damage evolution and 
elastic constant degradation were in reasonable agreement with the 
corresponding predictions of the proposed model. 
Page 39 
Chanter 2 1 T jteroture Revjew 
2.5 INTRALAMINAR CRACK GROWTH IN COMPOSITE LAMINATES 
UNDER FATIGUE LOADING 
2.5.1 INTRODUCTION 
Fatigue failure may be defined as the ultimate fracture of a material or 
component under the action of a varying load whose maximum amplitude, if 
continuously applied, is insufficient to cause failure. Polymer composite 
laminates under fatigue loading exhibit an accumulation of damage; failure 
is not dominated by the initiation andlor growth of a single crack (as is often 
the case in metals for example). The types o'f damage observed in composites 
under fatigue loading are similar to those observed in quasi-static loading, i.e. 
mainly transverse cracking, delamination and splitting, although the relative 
amounts may vary. The sequence of failure in cross-ply laminates under 
fatigue loading consists first of transverse matrix cracking which continues 
until an apparent saturation or characteristic damage state (CDS) is reached 
although the saturation density depends on fatigue stress level. This can be 
followed by longitudinal splitting, delaminations (internal or free edge) and 
ultimately fibre fracture and failure. A major difference with quasi-static 
loading is that during fatigue cracks develop, after a number of cycles, at a 
maximum cyclic strain below the threshold for transverse cracking under 
quasi-static loading e.g. Bader and Boniface (1985). 
Since the present project will be concerned with the growth of matrix cracks 
in the off-axis ply of (0/6/0) laminates under fatigue loading the review of 
the extreme topic of fatigue is restricted to work relevant to this. In the 
following sections the accumulation of matrix cracks in composite laminates 
under fatigue loading is discussed, followed by an overview of some models 
proposed to predict the fatigue growth of matrix cracks. 
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2.5.2 EXPERIMENTAL OBSERVATIONS 
During fatigue loading, matrix cracks nucleate at random throughout the 
transverse ply (though the edge can be a preferred site for 'thick' plies) and 
grow stably so that the average crack spacing continually decreases during a 
test until the CDS is reached The first fatigue cycle will put in the same 
number of cracks as an equivalent quasi-static load then, upon subsequent 
cycles, subcritical crack growth is observed. GFRP cracks tend to be short 
and many are seen to initiate away from the free edge of the specimens. The 
short length of the cracks could be due to the fact that cracks can form at 
lower levels of strain than under quasi-static loading, which means less 
energy is available for crack propagation so that there is a tendency for 
cracks not to propagate right across the width of the test piece (Boniface and 
Bader, 1985). 
Crack tip interactions strongly modify the growth rate of cracks. A crack tip 
maintaining a constant _ distance from its neighbours grows at a 
roughly constant rate. If other cracks nucleate near the growing crack tip. the 
growth rate of the crack is reduced. If the .: •. : ... distance between crack tips 
is less than half a ply thickness, crack arrest can occur. This behaviour 
contributes to the final crack pattern consisting of many short cracks (Ogin 
and Smith, 1985). It is sometimes observed that branching of the crack tip 
occurs, probably due to local irregularities in fibre distribution. When this 
occurs, the crack growth rate of both branches is substantially reduced until 
one part of the divided crack tip is able to grow beyond the branching point 
(Boniface and Ogin, 1989). 
The transverse crack density is dependent on the cyclic strain amplitude 
though the crack pattern seen finally will be stress level dependent. Cyclic 
loading increases the density of transverse cracks at a given stress level and 
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increases the amount of longitudinal cracking and interface delamination 
compared to static loading up to a comparable stress level (Reifsnider and 
Talug, 1980). The progressive failure occurring within the laminate alters the 
initial state of stress in each lamina and causes a cumulative fatigue situation 
even when the external load amplitude is kept constant (Rotem, 1982). It is 
probable that some relaxation occurs in the laminate during fatigue. This 
time-dependent relaxation during each successive cycle leads to a gradually 
increasing fibre stress with statistically distributed fibre failures, until the 
strength of the composite is reduced to the level of the applied (cyclic) stress 
whereupon composite failure ensues (Harris, 1977). Boniface and Bader 
(1985) suggest that any relaxation that occurs during fatigue would reduce the 
stress intensity at the crack tip. The redistribution of stress during fatigue is 
probably the reason for the formation of secondary cracks and for the greater 
incidence of delamination under fatigue conditions. 
It was found (Highsmith and Reifsnider, 1986) that in CFRP cross-ply 
laminates splitting of the 0° ply can occur, usually near the edge of the 
sample first, after the CDS has been reached in the 90° ply. Small interior 
delaminations can then form near the crossing point of the transverse and 
longitudinal cracks. A region of significantly increased interlaminar normal 
and shear stresses is created around the intersection point and the 
delamination reduces the stress concentration. The delaminations were found 
to grow under continued cyclic loading. 
Fatigue damage leads to a reduction in the residual strength of a laminate 
below the quasi-static loading value. When cyclic loading is present, the pre-
fracture damage state is affected significantly compared to that seen under 
quasi-static loading so that estimating the residual strength becomes more 
complicated (Reifsnider and Jamison, 1982). Cyclic loading also changes the 
nature of the residual strength distribution compared to the static strength 
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distribution (Reifsnider and Talug, 1980) and the reduction in strength for 
long term loading can be large before failure. There may be a frequency 
effect as stiffness reduction rate at low frequency was found to be greater 
than at high frequencies by Ogin et al. (1984). The effect was more 
pronounced at lower peak stress levels. 
Reifsnider (1982) described a laminate in terms of subcritical elements (plies 
which fail first) and critical elements (plies that fail last). The subcritical 
elements usually contribute matrix and interface damage initiation and 
growth, while the critical elements usually undergo degradation involving 
matrix and fibre damage and therefore control the final fracture event. The 
behaviour of a laminate under fatigue conditions is greatly influenced by the 
sub critical elements. If there is a large percentage of off-axis plies the 
reduction in stiffness and strength is greater for a given number of plies. It 
is better to have subcritical elements interspersed with critical elements rather 
than have them grouped together, as groups of like-orientation, off-axis 
elements for example, generally create more fatigue related degradation than 
do the same plies interspersed among plies with other orientations. 
2.5.3 FATIGUE MODELLING 
In homogeneous materials, the engineering treatment of fracture concentrates 
on the propagation of a single crack. Linear elastic fracture mechanics 
(LEFM) is used to predict both the stress local to the crack and the stress in 
the bulk of the material. Models are used to predict the growth rate of a crack 
and the number of cycles to failure, where failure is taken to be the fracture 
of the sample. Obviously, the validity of these models for predicting the 
fatigue behaviour of composite laminates is questionable as a great deal of 
damage can accumulate in a composite laminate before fracture will occur 
and this damage has a significant effect on the laminate properties. 
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Accordingly, there has been a need to develop fracture models based on the 
damage observed in composite materials. A number of the models associated 
with transverse cracking are now reviewed. 
Ogin et al. (1984) modelled the stiffness reduction in cross-ply GFRP 
laminates using the shear-lag model proposed by Steif (1984) and a stress 
intensity factor analysis. The model was used also to construct a diagram that 
predicts the approximate number of cycles required to reach a given stiffness 
reduction when cycled at different fractions of the ultimate tensile stress, see 
Figure 2.9. Around a transverse ply crack in a cross-ply laminate Ogin et 
al. (1984) argued that there is only a stress intensity due to the localized 
disturbance in the region of the crack tip as load is transferred behind the 
crack tip via the 0 0 plies. The cracks are not through-the-thickness but are 
bounded by 0 0 plies and therefore this tends to reduce the effective value of 
the stress intensity factor. An expression for the stress intensity factor (K) is 
obtained which shows that K is (a) independent of crack length, provided that 
the crack is greater than about one ply thickness in length and does not 
interact with the edge of the laminate, and (b) depends on the average spacing 
between cracks. A Paris law of the form: 
daldN = P B' K m mIX (2.9) 
was used by Ogin et al. (1985b), where p is the number of growing crack 
tips, which indicates that the total crack growth rate in the transverse ply is 
empirically related to the maximum stress intensity factor. The expression is 
used to predict stiffness reduction with cycles, and crack growth rates. The 
predictions agree well with observations. The growth rate of a transverse 
crack is found experimentally to be independent of the crack length but 
depends on the vertical spacing between the cracks. The decrease in total 
crack growth rate during cycling is primarily due to a reduction in the 
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average growth rate per crack tip. Fluctuations in the number of growing 
cracks are less important as there is only a linear dependence of total crack 
growth rate on number of cracks whereas there is a power dependence on 
other variables, i.e. crack spacing and ply thickness. Similar work was carried 
out on CFRP laminates, this time incorporating the effects of thermal stress 
(Ogin and Smith, 1987). 
Boniface and Ogin (1989) also used a stress intensity factor approach to 
model the growth of individual transverse cracks in cross-ply GFRP 
laminates. The difference from Ogin et al. (1985b) is that Boniface and Ogin 
(1989) measured individual cracks while Ogin et al. (1985b) deduced a total 
da/dN via the stiffness reduction rate dE/dN. A plot of average crack growth 
rate (da/dN) against stress intensity factor range, aK was obtained (see 
Figure 2.10) and it was shown that a Paris relation described experimental 
crack growth data to within an order of magnitude. 
Liu and Nairn (1990) studied the fatigue growth of 90° matrix cracks in 
cross-ply laminates. Data in the form of microcrack densities were obtained 
during fatigue testing. The authors analysed the fatigue data using a modified 
Paris law of the form dD/dN = A~Gm n , where dD/dN is the crack density 
growth rate in cracks per millimetre per cycle. A and n are constants and AGm 
is the strain energy release rate for the growth of a single crack. It was found 
that data from different (O/90m). laminates fitted on the Paris Law plot (see 
Figure 2.11). This approach is unusual in that data for the growth of multiple 
cracks (dQ/dN) is plotted against an analysed value relating to the growth of 
a single crack. 
Boniface et al. (1991 b,c) investigated the compliance associated with the 
growth of a single transverse crack. Shear-lag analysis was used to obtain 
theoretical expressions for the compliance change associated with the 
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formation of a single transverse ply crack in a cross-ply laminate. Predictions 
of compliance changes based on shear lag analysis showed the appropriate 
trends but did not give a good fit for all the data. To measure the compliance 
change experimentally, model laminates were made with transverse plies 
sufficiently thick that the compliance change (and hence G) with crack length 
could be measured. Cracks were grown quasi-statically, or in fatigue, from 
a notch introduced with a scalpel blade pressed into the 90° ply. There was 
an initial regime in which the compliance change with crack length is rapid, 
followed by a linear region and then a final short regime in which the 
compliance change with crack length is more rapid again (Figure 2.12). The 
two regimes of rapid change were thought to be due to edge effects. 
Experimental results show a strong dependence of compliance change on the 
longitudinal spacing between a crack tip and an adjacent crack and a linear 
dependence on crack length away from the sample edges for all crack 
spacings. Therefore the strain energy release rate, which is just 
p2 de 
G=---
2t da 
(2.10) 
where 2t is the crack (i.e. transverse ply) thickness, depends markedly on 
crack spacing and has a negligible dependence on crack length. Theoretical 
predictions of strain energy release rate also suggest a strong dependence of 
G on crack spacing but also a small dependence of G on crack length. 
The three regimes observed in the compliance change versus crack length 
plots are consistent with a stress intensity factor approach (Ogin and Smith 
1985,1987). A stress intensity factor, K, is generally a function of stress and 
a characteristic length. Away from the crack tip, load is transferred into the 
0° plies by shear at the 0/90 interface and therefore does not build up at the 
crack tip. There is however, a stress intensity due to the localised stress 
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distribution at the crack tip. With a ply thickness of 2d, the characteristic 
length of this disturbance is approximately d. As a crack grows across the 
width of the sample, there is a change in K with crack length. The stress 
intensity factor would be expected to increase until the crack length is about 
equal to the ply thickness when it will become constant and remain so across 
most of the sample width. When the transverse crack approaches the free 
edge of the sample, the stress intensity factor would be expected to increase 
again since there is a reducing section of transverse ply width within which 
the stress is diverted. 
Boniface et al. (1991a) investigated the formation of a crack between two 
cracks in either a symmetric or asymmetric array. Measurements of 
compliance change in these arrays show regimes of crack interaction and non-
interaction depending on the spacing of the cracks in the array. Expressions 
were developed for the strain energy release rate associated with the crack, 
based on the compliance relation. The approach showed the appropriate 
trends but did not give a good fit to all data. A simple model based on an 
ineffective length showed better agreement. The stable growth seen in the 
crack length versus cycles data is well modelled by an expression of the 
form: 
da/dN = A(~G)m (2.11) 
where aG is the strain energy release rate range. 
2.6 CONCLUDING REMARKS 
This chapter has reviewed the available literature on matrix cracking. It is 
clear that there has been much research into the matrix cracking of 90° plies 
in many different laminate lay-ups, i.e. cross-ply and ±6/90 type laminates. 
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This research has included the findings of experimental investigations into 
matrix cracking under both quasi-static and fatigue loading, and the 
development of models to predict the onset and accumulation of matrix 
cracking with applied load (or fatigue cycles) and also the effect of this 
transverse cracking on the laminate properties. 
A smaller volume of work has involved investigations into the effect of 
mixed mode loading on matrix cracking behaviour in either cross-ply or 
angle-ply composite laminates under quasi-static loading. To understand 
mixed mode cracking more fully than is possible currently, there is a need for 
an appropriate mixed mode failure criterion to be identified. There is a lack 
of experimental data for these types of situations and this makes it difficult 
to evaluate the effectiveness of any models proposed. There appears also to 
be no significant experimental data concerning the growth of single matrix 
cracks under mixed mode cyclic loading. 
The aim of the present thesis is to study matrix cracking under mixed mode 
loading in a carefully controlled geometry (0/8/0), in which intralaminar 
cracking in the off-axis ply can be studied in isolation from any other damage 
mechanisms. This literature review has highlighted some important areas to 
study. There is a need to investigate individual matrix crack growth in eo 
plies under both quasi-static and fatigue loading. During quasi-static testing 
it is important to separate out the initiation and propagation stages of matrix 
crack growth, and to investigate the application of various failure criteria. 
Under fatigue loading, the growth of individual matrix cracks will be 
monitored and the applicability of a Paris type crack growth law to correlate 
8°ply fatigue crack growth assessed. 
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Figure 2.1 
Figure 2.2 
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Figure 2.3 Transverse cracking strain as a function of transverse ply thickness for 
cross-ply glass/epoxy laminates. reproduced from Parvizi et al (1978). 
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Figure 2.4 Stiffness and crack density versus stress level for a (01903>, GFRP 
laminate, reproduced from Highsmith and Reifsnider (1982). 
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Figure 2.5 Schematic of a flaw partially spanning the width and thickness of the 
transverse ply. 
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Figure 2.6 Resistance curves for crack multiplication obtained for (0190/0) CFRP 
laminates (Han et al, 1988). 
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Figure 2.7 In situ transverse lamina strength as a function of thickness and the 
orientation of adjacent ±6 laminae reproduced from FJaggs and Kural 
(1982). 
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Figure 2.8 Comparison of experimentally derived in situ lamina stresses at onset 
of matrix cracking with 2-D shear lag and Tsai-Wu predictions for 
uniaxially loaded (Ole). CFRP laminates, reproduced from Flaggs 
(1985). 
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Figure 2.9 Diagram relating the number of cycles required to reach a given 
stiffness reduction to the maximum stress in the fatigue cycle expressed 
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Figure 2.10 Plot of average crack growth rate versus stress intensity factor range 
(aK), reproduced from Boniface and Ogin (1989). 
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Figure 2.12 Compliance increment with crack length for the growth of a single 
transverse crack between two existing transverse cracks spaced 4.3 
mm, taken from Boniface et al (1991 c) 
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Chanter 1 Ernerimental Methods 
3.1 INTRODUCTION 
This work is concerned with investigating matrix cracking in the off-axis plies 
of (0/6/0) continuous fibre reinforced composite laminates. In this chapter the 
materials selected for the laminates are described. The (0/6/0) laminate 
fabrication process and the method of determining fibre volume fractions are 
outlined, followed by a section on the preparation of samples for testing, 
including end-tagsing methods and details of strain gauge and extensometer 
attachment. In order to study both the initiation and propagation of matrix 
cracks, unnotched and notched samples have been tested and the notching 
process is also described in this section. 
The mechanical testing methods, both quasi-static and fatigue testing, are 
summarised with details of typical tests conducted for both these loading 
regimes. The final section concentrates on how damage is observed and 
recorded during the tests. 
3.2 MATERIALS SELECTION 
3.2.1 GLASS REINFORCEMENT 
The reinforcement used in this work was a glass fibre continuous filament 
roving of Silenka 084 MI9 1200 E CIS alumino-borosilicate glass (E-glass), 
with a nominal fibre diameter of 1 S J.1m. The roving count is 1200 tex (the tex 
value is the weight in grams of 1,000 meters of roving), while the strand count 
is 300 tex. 
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3.2.2 EPOXY RESIN SYSTEM 
The epoxy resin used for the matrix is Shell 'Epikote' 828 (Bisphenol-A) epoxy 
resin which is cured with Shell epicure (Methyl endomethylene 
tetrahydrophthalic anhydride) nadic methyl anhydride (NMA) and accelerator 
K61B in the ratio 100:60:4 parts by weight, respectively. 
The epoxy resin readily wets the glass fibres and has a refractive index similar 
to that of E-glass fibres, so the laminate is optically transparent which 
facilitates damage observation in the test pieces. 
3.3 LAMINATE FABRICATION 
3.3.1 FRAME WINDING 
3.3.1.1 Cross-Ply Frame 
A frame winding technique was employed to manufacture the laminates in-
house. For the cross-ply laminates an open metal frame was cleaned with 
methanol to remove any dirt/grease and the frame was fitted onto a winding 
machine and glass fibres were wound onto the frame to create the 90° ply. The 
frame was then rotated through 90° and the 0° fibres were wound onto the 
frame. Figure 3.1 shows a schematic of this fibre winding process. 
3.3.1.2 (0/6/0) Frame 
For (0/6/0) laminates with 6 = 45 0 , 54 ° and 75 ° , the winding process is more 
complicated. A small open frame cleaned with methanol, was welded inside a 
large frame at the relevant angle, see Figure 3.2(a). The large frame was fitted 
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onto the winding machine and glass fibres were wound onto the large frame to 
create the eo ply. The fibres were attached to both sides of the small frame 
using a polyester resin, making sure none of the fibres were dislodged. Once 
the resin had cured, squares of melinex were attached to each side of the small 
frame to protect the fibres. The small frame was cut from the large frame using 
a hacksaw and the outside edges were trimmed with a band-saw. The melinex 
was removed, the small frame was fitted to the winding machine and glass 
fibres were wound onto the small frame to create the 0° plies, see Figure 
3.2(b). 
3.3.2 RESIN INFILTRATION AND CURE 
The procedure for fabrication of the laminates used a wet lay-up technique. The 
epoxy resin was first mixed and degassed in a vacuum oven at 50°C for 15 
minutes to remove entrapped air. A square plaque of resin was poured onto a 
sheet of silicon impregnated release film (pink melinex) on top of a cold plate. 
The wound frame was placed on a hot plate covered with 'clear' melinex in a 
vacuum box. The resin and pink melinex was placed centrally on the frame, 
with the resin face down. A waxed glass plate was placed on top of the frame 
and the vacuum box was evacuated. The hot plate lowered the viscosity of the 
resin which was then drawn through the fibres under vacuum. Once the frame 
fibres were fully impregnated, the sheet of clear melinex was replaced by a 
sheet of pink melinex, and air bubbles and excess resin were worked out of the 
laminate using a small plastic palette knife. 
The laminate was cured between thick glass plates under 100 Ins weights for 
three hours at 100°C. All laminates had an off-axis ply which was nominally 
1 mm thick, while each 0° ply was nominally 0.5 mm thick, see Figure 3.3. 
The cured laminate was cut into samples using a water-cooled diamond saw 
making sure the sample edges were parallel to the 0° fibres. The actual 
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dimensions of each sample were measured with a micrometer. Thickness and 
width readings were both taken at 50 mm intervals and the results were 
averaged for each sample. The (0/4510), (0154/0) and (017510) laminates are all 
unbalanced configurations leading to extensional/shear coupling. Hence, 
reasonably long samples (200 mm total specimen length with 100 mm gauge 
length and a gauge length to width ratio of five to one, as shown in figure 3.4) 
were used to minimise the effects of the complex stress fields generated at the 
grips. The samples were post-cured between two glass plates for three hours at 
150°C. Cutting before post-curing minimises edge damage which could act as 
initiation sites for matrix cracks. Small sections of each laminate were 
metallographically polished and then examined using a Zeiss Axiophot 
microscope to find individual ply thicknesses and to check these were in the 
correct ratio i.e. b=d. Microscopy was also used to confirm that there was an 
even distribution of fibres in each layer. 
3.4 DETERMINATION OF GLASS FIBRE VOLUME FRACTION 
Fibre volume fractions were determined using a resin bum-off technique. Small 
samples were cut from different regions of the laminate. Each sample was 
weighed before being placed in a crucible with a lid, both of a known weight. 
The crucible was placed in a furnace at 600°C for approximately three hours 
to bum off the resin. The crucible was left to cool before reweighing. The mass 
of glass fibre (Mr) and the mass of resin (M r ) could then be determined. The 
density of the glass (Pr) was 2.6 g/cm3 and the density of resin (Pr ) was 1.21 
g/cm3• The volume fraction (V r) of the glass fibres in the laminate could be 
calculated as follows: 
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--+--
Pf Pr 
(3.1) 
The fibre volume fractions for each laminate fabricated can be seen in Table 
3.1. The tabulated results show that the fibre volume fractions are similar for 
each laminate of a particular laminate angle and are also consistent across the 
four laminate types. 
3.5 PREPARATION OF SAMPLES 
3.5.1 POLISHING 
A number of samples from each laminate type were tested with polished edges 
to study the effect of removing defects from the samples edges and for 
comparison with samples having as-cut edges. The samples were held in a jig 
and one edge was metallographically polished in stages, with a final polish 
using an abrasive with an average size of 1 flm. The samples were then re-
fitted in the jig so that the remaining edges could be polished. The widths of 
these samples were then re-measured to account for the decrease in width 
during polishing 
3.5.2 END-TAGGING 
After post-curing, the test pieces had aluminium end-tags attached. Aluminium 
strips 20 mm wide were first cut to the correct length (SO mm) using a 
Page 59 
Chapter i Frner;mental Methods I 
guillotine. The end-tags were then etched to remove the oxide layer from the 
surface to promote adhesion. The etchant used was dilute chromic acid at 60°C 
for one hour. The end-tags were rinsed in cold water to remove residual acid, 
and dried. Meanwhile, the end-tag regions on the samples were abraded with 
1200 grit paper to promote adhesion. 
A toughened acrylic adhesive (Permabond 241) was used to attach the end-tags 
to the samples. A small weight was placed on top of each end-tag during curing 
which was for one hour at room temperature. After curing the samples were left 
for 24 hours before testing to ensure good adhesion. A diagram of a typical 
sample can be seen in Figure 3.4. 
3.5.3 NOTCHING 
To manufacture the samples with notches in the off-axis (central) ply, a 1 mm 
drill bit was used to drill a hole which was both contained within the centre ply 
and aligned parallel to the fibre direction (see Figure 3.5). For quasi-static 
testing a total of six notches were drilled into each sample. These were 
positioned on alternating sides to keep the sample 'balanced' and arranged so 
that (a) each crack would be at least 10 mm from the next to avoid crack 
interactions and (b) the cracks would propagate away from the end-tags. Notch 
depths increased from 0.5 mm to 3 mm in 0.5 mm increments; a schematic of 
such a sample with six notches is shown in Figure 3.6. Investigations were 
also carried out with samples having six notches of a single depth. 
To create starter defects for fatigue loading, a constant notch depth of 1.5 mm 
was used. For investigating the fatigue growth of a single crack, each sample 
tested contained only one notch. In experiments designed to measure the 
change in compliance with crack growth (see section 3.6.2), the (0/90/0) and 
(017510) samples had six notches positioned on alternating sides within the 50 
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mm gauge length of the extensometer. For the (0/54/0) and (0/45/0) samples, 
because of the longer crack lengths, only four notches could be positioned 
within the 50 mm gauge length if crack interactions were to be avoided. 
3.5.4 STRAIN MEASUREMENTS 
3.5.4.1 Strain Gauges 
For samples tested quasi-statically, the applied strain was measured using a 
strain gauge in conjunction with a strain indicator box. A 10 mm foil strain 
gauge (CEA-06-240UZ-120) manufactured by the Measurements Group was 
used, placed centrally on one surface of the sample. To attach the strain gauge, 
the centre of the sample was marked and this region was abraded with 1200 grit 
paper. The strain gauge was aligned centrally using the markers and a length 
of clear adhesive tape which was placed on top of the strain gauge so that the 
strain gauge alignment could then be checked and lifted and repositioned if 
necessary. Once correctly aligned, one end of the tape was lifted carefully to 
avoid bending the strain gauge, thus raising the strain gauge so that cyano-
acrylate (eN) adhesive could be applied underneath the sample which was then 
repositioned correctly. Pressure was applied for one minute. After a few hours 
the tape was carefully peeled away. The sample was left for 24 hours before 
testing. 
3.5.4.2 Extensometers 
During fatigue testing, an extensometer with a 50 mm gauge length with ± 5 
mm travel was used to measure the applied strain. To prevent the knife edges 
of the extensometer slipping, adhesive was applied to the surface of the sample 
to provide a 'seat' for each knife edge. On each sample the region of the knife 
blade was abraded with 1200 grit paper. A little adhesive (Araldite) was placed 
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along each abraded region, with a small piece of release film on top. A 
machined blank was placed on the release film and aligned perpendicular to the 
loading axis (see Figure 3.7) and the Araldite was left to cure before the block 
and release film were removed leaving grooves within which the extensometer 
knife edges were positioned. 
3.6 TESTING METHODS 
3.6.1 QUASI-STATIC TESTING 
An Instron 1196 was used for all quasi-static tensile tests, following ASTM D 
3039 wherever possible. An internal 100 kN Instron load cell was used to 
measure the applied loads and the applied strain was measured using a strain 
gauge and strain indicator box, with an X-Y plotter providing a load-strain 
graphical output. A cross-head speed of 1 mm/min was used for all tests 
Quasi-static testing was carried out to investigate the accumulation of cracks 
in (0/6/0) un notched and notched samples. Unnotched samples, used to 
investigate off-axis crack initiation, were loaded to strain levels such that either 
there was a large number of cracks throughout the sample, or delamination 
occurred. The modulus of each sample was found by drawing a tangent to the 
load-strain curve at an applied strain of 0.25 % which is below the crack 
initiation strain of all samples. Notched samples were tested to study crack 
propagation from the notches; these were loaded until either cracks had 
propagated from all the pre-existing notches, or until the sample delaminated. 
The strains at which the cracks propagated from the six notches were recorded. 
All samples were tested with as-cut edges except for one unnotched sample 
from each lay-up for which the edges were polished to a If.1m finish. 
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3.6.2 FATIGUE TESTING 
Tension-tension fatigue testing was carried out using an Instron 1341 servo-
hydraulic load frame, following ASTM D 3479 whenever possible. The tests 
were conducted in a controlled environment of 20°C and 50 % humidity. The 
R ratio (minimum load/maximum load) was kept at a constant value of 0.1 for 
all tests. Both sinusoidal and sawtooth waveforms were used at frequencies of 
1 Hz and 10Hz. Samples containing a single notch were tested to measure 
crack growth rates (daldN) as a function of applied load. Initially, the load 
level used for each laminate type was calculated from the average first ply 
failure load observed during quasi-static testing. For the samples with 45 ° and 
54 ° off-axis plies, the first peak load level was taken as 50 % of the first ply 
failure load, while for the 75 ° and 90° samples, 75% of the first ply failure 
load was used. Subsequent fatigue loads were applied in an attempt to increase 
or decrease the crack growth rate values by about an order of magnitude. The 
calculation of these loads is described in section 6.3.1. Photographs of the 
cracks were taken during the test as a function of the number of cycles enabling 
the crack growth rates, daldN, to be calculated. 
For compliance measurements, an extensometer was used to measure the strain 
which was recorded by a data logger. A typical test procedure for compliance 
measurement was as follows. In all laminate types the maximum load chosen 
for cyclic loading was one in which cracks had tended, in the fatigue tests, to 
grow only from the notch and not throughout the whole sample. The sample 
was loaded from zero to the mean load using a sawtooth waveform and a 
frequency calculated to be equivalent to a cross-head speed of 1 mm/minute, 
and unloaded. This ramp loading was repeated three times to give an average 
value of the slope of the load-strain graph. A fatigue test was then set up in the 
usual way with R = 0.1, a sinusoidal waveform. and a frequency of 10 Hz. 
After the cracks had grown across the sample, the sample was unloaded and the 
Page 63 
Chanter j Exnerimental Methods 
load/strain value was measured three times as before- a schematic of this 
loading regime can be seen in Figure 3.8. This data allowed the compliance 
change with crack length to be measured. 
3.7 DAMAGE OBSERVATIONS 
During all testing it was important to be able to quantify any damage observed 
and to relate any damage to the testing parameters such as strain, load and 
number of fatigue cycles, without destroying the samples. Because of the high 
degree of transparency of the samples, non-destructive techniques such as 
photography could be employed. 
For quasi-static testing a Panasonic M 1 0 Stereo A V zoom video camera was 
used to record each test. The strain indicator box was positioned so that both 
the sample and strain reading were visible on the video recording. After testing, 
the video record made it possible to observe cracks growing across 
the sample in slow motion, enabling the strain at which each crack initiated to 
be recorded, as well as the strain at which the cracks had grown the full width 
of the sample. 
Photography was the method chosen to record damage accumulation during 
fatigue testing. A Nikon F-301 camera with a Tamron lens and a two times 
converter was used with Ilford FP4 high contrast black and white film. Crack 
lengths were measured from the photographs enabling the crack growth rate to 
be calculated. 
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3.8 CONCLUDING REMARKS 
This chapter has described the materials and techniques chosen in order to 
study the matrix cracking in off-axis plies of (0/6/0) laminates under quasi-
static and fatigue loading. All aspects of the laminate fabrication and sample 
preparation processes have been outlined. In the following chapter, the quasi-
static tensile testing results are presented. 
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TABLES 
Table 3.1 Table showing the fibre volume fraction for each laminate 
fabricated. 
Laminate type Laminate 1 I.aminate 2 l.aminate 3 
Vf(%) Vf(%) Vf(%) 
(0/45/0) 0.631 0.637 0.603 
(0/54/0) 0.611 0.611 0.626 
(0/75/0) 0.637 0.626 0.619 
(0/90/0) 0.628 0.61 0.604 
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Figure 3.1 Schematic showing frame winding of (0/90/0) laminates. First the 90° 
ply is wound. The frame is then rotated through 90° before the 0 ° ply 
is overwound. 
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Figure 3.2 Diagrams to show frame winding of (0/8/0) laminates. First the 8 ° ply 
is wound. The fibres are attached to the small frame which is then cut 
from the large frame. Next the 0° ply is wound onto the small frame. 
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Schematic to show ply lay-up and thicknesses for (0/8/0) laminates 
where e = 45°,54 0, 75° and 90°. 
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Figure 3.4 Schematic showing sample and end-tag dimensions. 
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I 
Notch ---+-I~ 
Schematic to show notch contained within the off-axis ply parallel to 
the fibre direction. 
0.5 mm notch 
1.5 nun notch 
I 2.5 mm notch 
Schematic of a (0/8/0) notched coupon showing location and extent of 
off-axis ply notches. 
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Figure 3.7 Diagram to show production of 'seats' for extensometer knife edges. 
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Figure 3.8 Schematic of the fatigue loading cycle employed to carry out 
measurements of compliance change with crack length. 
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I Quasi-Static Tensile Te£ting 
4.1 INTRODUCTION 
The development of matrix cracking in (0/8/0) GFRP laminates (where 8 = 
45°,54°,75° and 90°) under quasi-static loading has been investigated. Crack 
initiation and propagation in the 8 ° ply were studied separately by using 
unnotched and notched samples. In this chapter, crack initiation is considered 
first, with a description of the cracking behaviour of unnotched samples of the 
four laminate types having as-cut and polished edges. Details of the average 
longitudinal crack initiation strains, and the corresponding stresses, are 
presented and discussed for both edge conditions. 
Crack propagation from notches is considered next in terms of the average 
longitudinal crack propagation strains and corresponding stresses, including an 
investigation into notch depth effects. A start-stop crack growth pattern was 
observed in notched samples of three of the four laminate types and the results 
are presented here. The final section provides a comparison of the matrix 
cracking behaviour observed in unnotched samples (with both polished and as-
cut edges) and notched samples. The difference in average longitudinal crack 
initiation/propagation strains for the unnotched and notched samples is 
discussed. 
4.2 UNNOTCHED SAMPLES 
4.2.1 MODULUS MEASUREMENTS 
The Young's modulus was found experimentally for each laminate type over the 
strain range 0% to 0.25% as all the load-strain graphs were linear up to this 
point for all four laminate types. The values for the average experimental 
Young's moduli are shown in Table 4.1. The average Young's modulus is 
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shown for each laminate fabricated and the associated fibre volume fraction is 
also presented. Interestingly, there is little change in modulus with varying ply 
angle, e. ~. An 
example of the load-strain graphs obtained is shown for each laminate type in 
Figure 4.1 and it can be seen from these that the graphs were linear at small 
strains for all laminate types (but only at small strains for laminates with lower 
off-axis angles). 
Some Young's modulus values were obtained using strain gauges, while in 
other cases (i.e. fatigue loading) an extensometer was used to record the strain. 
To compare results obtained from these two methods, a (0/45/0) sample was 
tested with both a strain gauge and an extensometer attached. The agreement 
between the two methods was very good; the Young's modulus values were 26 
GPa and 26.3 GPa from the extensometer and strain gauge respectively. 
4.2.2 CRACKING BEHAVIOUR OF SAMPLES WITH AS-CUT EDGES 
Unnotched samples of each laminate type were tested with as-cut edges to 
study matrix crack initiation and the effect of ply angle on crack initiation. 
It was found that for all four angles, the off-axis ply cracking behaviour of 
the unnotched samples was catastrophic in nature, i.e. once initiated, the 
cracks propagated the full width of the samples instantaneously. 
The longitudinal crack initiation strain was measured for the first matrix 
crack in each sample. The average longitudinal crack initiation strain and the 
corresponding laminate stress for each laminate type is shown in Table 4.2. 
It can be seen from the data in Table 4.2, that there is only a small increase 
in the average crack initiation strain as the ply angle, e, decreases from 90 0 
to 75 0 but the average crack initiation strain increases steeply as a decreases 
further to 54 0 and 45 0 • The same trend is seen for the crack initiation 
Page 72 
Chanter 4 Quosi-Stotjc Tensile Testing 
stresses. 
Although crack behaviour was found to be catastrophic in nature for all 
laminate types, there were differences in cracking behaviour for the four 
laminate angles. These differences were observed upon further straining of 
the samples. In the (0/90/0) and (017510) samples, a large array of cracks 
developed which were evenly spaced (see Figure 4.2). There were no signs 
of delamination in either laminate type. A large array of evenly spaced cracks 
also developed in (0/54/0) samples, but there was a tendency for some 
delamination to occur. In the (0/45/0) samples delamination occurred as soon 
as the first cracks developed. In all samples, opaque striations were visible 
parallel to the off-axis ply fibres which could be due to stress whitening e.g. 
Bader et al., 1979. 
The cracks observed in (0/45/0) and (0/54/0) samples were mostly 'flat' in 
appearance (see Figure 4.3), while some cracks in (0/90/0) samples and most 
cracks in (017510) samples had a 'feathery' appearance where cracks had 
branched and one branch of the crack had continued to grow (see Figure 4.4). 
This is probably due to local irregularities in fibre distribution. Even with the 
'feathery' crack growth, the cracks still grew catastrophically. 
4.2.3 CRACKING BEHAVIOUR OF SAMPLES WITH POLISHED EDGES 
Unnotched samples with polished edges were tested to study crack initiation 
in samples with reduced edge defects. As with the unnotched samples having 
as-cut edges, the off-axis ply cracking behaviour of samples with polished 
edges was catastrophic in nature. The longitudinal crack initiation strain was 
measured for the first crack in each sample. These average longitudinal crack 
initiation strains and the corresponding stresses are shown in Table 4.3. It can 
be seen that there is an increase in average crack initiation strain as the ply 
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angle, e, decreases from 90° to 45 ° with the larger increase occurring 
between the lower angles. This trend is repeated for the corresponding crack 
initiation stresses. 
The average longitudinal crack initiation strains for unnotched samples with 
polished edges are compared to those for unnotched samples with as-cut 
edges in Table 4.4. The samples with polished edges show higher longitudinal 
crack initiation strains, as expected, since the polishing process reduces the 
effect of edge defects which act as initiation sites. Polishing the edges has the 
largest effect on the (0175/0) and (0154/0) samples. There is only a slight 
increase in initiation strain for (0/90/0) samples. There is also a small 
increase in the average crack initiation strain for (0/4510) samples with 
polished edges. 
On further straining, the (0/90/0) samples develop a large array of 
approximately equal spaced cracks with no delamination. (017510) samples 
also develop a large number of approximately equally spaced cracks and some 
samples delaminated. Roughly half a dozen cracks initiated in (0/54/0) 
samples before delamination occurred. In the (0/4510) samples, delamination 
occurred as soon as the first cracks formed. 
4.3 NOTCHED SAMPLES 
4.3.1 CRACKING BEHAVIOUR OF NOTCHED SAMPLES 
Samples with notches drilled into the central off-axis ply, parallel to the eo 
fibre direction, were tested to study matrix crack propagation. All samples 
had six notches positioned on alternate sides with notch depths varying from 
0.5 mm to 3 mm in 0.5 mm increments. All notched samples were tested with 
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as-cut edges. In contrast to the cracking behaviour seen in the unnotched 
samples (in which the cracks propagated instantaneously across the full width 
of the samples after crack initiation in all laminate lay-ups) the notched 
samples showed such catastrophic behaviour only in the (0/90/0) laminate. In 
the laminates with 75 0 , 54 0 and 45 0 off-axis plies, crack length increased 
incrementally with increasing strain. In all samples opaque striations were 
observed parallel to the off-axis fibre direction. An overview of the cracking 
behaviour observed in the notched samples of each laminate type is now 
presented. 
For the (0/45/0) samples, cracks only propagated from the six notches and 
some cracks did not propagate the full width of the sample before 
delamination occurred. In (0/54/0) samples, cracks propagated initially from 
all the notches. These cracks grew the full width of the samples before other 
cracks began to initiate in unnotched regions (see Figure 4.5). With (0175/0) 
samples, cracks initially propagated from all the notches but other matrix 
cracks tended to initiate in unnotched regions before these cracks had grown 
the full width of the sample (see Figure 4.6). 
In (0/90/0) samples, cracks were found to initiate and propagate instantly 
from random edge sites i.e. cracks did not necessarily propagate from notches 
and the tendency was for cracks to initiate in unnotched regions of the sample 
first. In the 90 0 samples, and to some extent in the 75 0 samples, this leads 
to a situation where a crack can initiate in an unnotched region very close to 
a notch and hence crack shielding can occur which raises the propagation 
strain of a crack from the notch (see Figure 4.7). Cracks did not propagate 
from all notches as crack growth from a notch was completely inhibited 
occasionally by the presence of another close crack, or a crack would initiate 
opposite a notch on the far edge of a sample, propagate across the width of 
the sample and merge with the notch. 
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The cracking behaviour of notched samples with increasing angle suggests a 
trend in notch sensitivity as the off-axis ply angle decreases from 90° to 45 0 • 
With an off-axis ply angle of 90 0 , samples appeared to show no sensitivity 
to the presence of the notches. Samples with an off-axis ply angle of 75° 
appear to show slight notch sensitivity and the notch sensitivity increases as 
the ply angle decreases with the (0/45/0) samples showing the greatest notch 
sensitivity. 
In samples with 45 0 , 54 0 and 75 0 off-axis plies, the crack length increased 
with increasing strain after initial propagation from the notch and hence it 
was possible to measure two strain values. The first strain measurement refers 
to crack propagation from the notch, while the second refers to the strain at 
which the crack had grown the full width of the sample. Examples of the 
results are shown in Figure 4.8 which shows that there is a trend in the strain 
increments. In the 45 0 laminates, the strain increment for the cracks to grow 
the full width of the sample was large, although the strain increment varied 
from notch to notch (see Figure 4.8(a». In (0/4510) samples some cracks did 
not grow the full width of the sample before delamination. One such crack 
is shown in Figure 4.8(a). 
For laminates with the off-axis ply angle of 54 0, the strain increments for 
cracks to grow full width were smaller (see Figure 4.8(b)). For (0/75/0) 
samples, the strain increment for cracks to grow full width was reduced still 
further (see Figure 4.8(c)). Figure 4.8(d) indicates that cracks propagated 
instantaneously in (0/90/0) samples and examples of crack shielding can be 
seen here Le. a crack does not propagate from the 2.5 mm notch until a strain 
of over 1 %, while cracks did not propagate at all from the 0.5 mm and 2 mm 
notches. 
It is clear, then, that there are trends in the cracking behaviour of notched 
Page 76 
Chanter 4 Quasi-Static TenrUe Testing 
samples with off-axis plies varying between 90 0 and 45 0 and that these 
trends are related to the notch sensitivity of each laminate type. The effect of 
notch depth on the cracking behaviour of these laminates is discussed in the 
following section. 
4.3.2 NOTCH EFFECTS 
In the previous section, the trends in cracking behaviour in notched samples 
with varying ply angles were described. In this section, the effect of notch 
depth is considered. 
The samples discussed in the previous section had notch depths varymg 
between 0.5 mm and 3 mm deep, increasing by 0.5 mm increments. The tests 
showed that, with regard to the order in which cracks propagated from the 
notches there was (a) no pattern from one sample to the next and (b) no 
pattern from one laminate type to the next. For example in Figure 4.8(a) 
«0/45/0) sample) the first crack propagated from the 3 mm notch, whereas 
in Figure 4.8(b) «0/54/0) sample) the first crack propagated from the 1 mm 
notch. In general, crack propagation appeared to be notch depth insensitive. 
To study this further, the average crack propagation strain for notched 
laminates was calculated. These results are shown in Table 4.5 along with the 
corresponding stresses. This average crack propagation strain includes the 
crack propagation strain for each notch within every sample tested for 
laminates with 45 0 , 54 0 and 75 0 off-axis plies. Due to the effects of crack 
shielding in (019010) samples, and the notch insensitivity, the average 
propagation strain is calculated from the strains at which the first six cracks 
appear in each sample (which do not necessarily grow from notches). The 
small scatter seen in the initiation strains tend to suggest that the actual notch 
depth has little effect over the range 0.5 mm to 3 mm. With regard to the 
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angular dependence of cracking strain shown in Table 4.5, it can be seen that 
there is little difference in the average cracking strains for the 90 0 and 75 0 
laminates, while the average cracking strains increase sharply as 6 decreases 
to 54 0 and 45 o. 
To investigate the effect of notch depth further, a comparison was made 
between the scatter of initiation strains from notches of different depths with 
the scatter obtained from notches having the same depth. The constant notch 
depth used was 1.5 mm. These notches were positioned in the same manner 
as shown in Figure 3.6 and were numbered 1 to 6. One specimen of each lay-
up was tested. Data for a (0/54/0) sample with six 1.5 mm notches are shown 
in Figure 4.9 and show similar scatter to the data for the (0/54/0) sample with 
notch depths in the range 0.5 mm to 3 mm (Figure 4.8(b)). 
The average crack propagation strains for notched laminates with varying 
notch depth or constant notch depth are summarised in Table 4.6. Again, the 
average strain value for (0/90/0) samples is calculated from the strains for the 
first six cracks that initiate in each sample. The data in Table 4.6 confirm the 
similarity of behaviour between samples containing six 1.5 mm notches and 
those containing six notches of depths in the range 0.5 mm to 3 mm. Hence 
it is concluded that over the notch depth range of 0.5 mm to 3 mm it is not 
the notch depth, but purely the presence of the notches which is important. 
An independence of crack propagation strain on crack length in the off-axis 
of a (0/610) laminate is a generalisation of the independence suggested by a 
number of workers for a (0/90/0) laminate including Ogin et al. (1985b). 
based on an approximate stress intensity factor approach and McCartney 
(1995) who used a more rigorous stress analysis. 
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4.3.3 START - STOP GROWTH 
During testing it was noticed that in samples with 45 0 , 54 0 and 75 0 off-axis 
ply angles, the cracks did not grow in a continuous manner as the strain 
increased, but instead the cracks grew in a start-stop manner. It was possible 
to study this start-stop behaviour during growth in more detail because the 
testing had been recorded on video. Firstly, the crack propagation strain from 
a notch was noted and the crack was monitored as it grew across the sample. 
If the crack stopped growing, the strain at which it stopped was recorded 
together with the current crack length. The strain was noted when the crack 
started to propagate again. An example of the results obtained is shown in 
Figure 4.10, which is a plot of this start-stop behaviour obtained from a 
(0/54/0) sample. Vertical lines in this plot indicate that a crack propagated 
instantly to a new crack length, while sloped lines represent continuous 
growth as the strain increases. The horizontal lines are plateaux where strain 
is increasing but the crack length is not changing. A high proportion of 
horizontal lines thus indicates that a large amount of start-stop behaviour was 
observed. 
Figure 4.11 summarises all data on the start-stop behaviour for all four 
laminate types. In the (0/45/0) laminate (see Figure 4. 11 (a» a high degree of 
start-stop growth occurred. The crack propagating from the 2 mm deep notch 
has not grown the full width of the sample. In the (0/54/0) laminates (Figure 
4.11 (b» the crack grown from the 1 mm deep notch exhibits start-stop 
behaviour before other cracks have started to propagate which confirms that 
the start-stop behaviour is not due to the presence of other cracks growing 
and 'skewing' the sample. Quite a high degree of start-stop behaviour 
occurred in (0/54/0) samples. The cracks propagating from notches in the 
(0/7510) samples have fewer plateaux and these plateaux are over smaller 
strain increments (see Figure 4.11 (c». (0/90/0) samples fail to show start-stop 
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behaviour because the cracks propagate instantly (see Figure 4.11(d». A 
crack did not propagate from the 3 mm deep notch in this sample. due to 
crack shielding. 
Overall then. there is a tendency in the notched samples for more stable crack 
growth with decreasing off-axis angle although the reason for this behaviour 
is not clear. It was thought initially that fibre branching due to irregularities 
in localised fibre distributions could cause this start-stop behaviour but close 
observation of the cracks showed that samples with higher off-axis ply angles 
(Le. 75 ° and 90°) exhibited a more 'feathery' crack appearance. while the 
54 ° and 45 ° cracks were generally flatter in appearance. This is the reverse 
of the trend that would be expected if crack branching was the cause of the 
start-stop behaviour. 
Another possibility is that the start-stop behaviour may be associated with the 
greater level of shear stress as e decreases. which may promote material non-
linearity and possible crack blunting at the crack tip. with an associated 
tendency for crack arrest. 
To examine the start-stop behaviour using a different loading regime, two 
(0/45/0) samples were tested under load control using the servohydraulic 
fatigue machine. (0/45/0) samples were chosen as these exhibited the greatest 
degree of start-stop behaviour. For these load control tests a loading rate was 
calculated which gave the equivalent of a cross-head speed of 1 mrnlmin 
(which was the cross-head speed in the quasi-static tests) and the samples 
were loaded to levels comparable with the quasi-static tests. In both (0/45/0) 
samples, continuous growth of the cracks was observed in sharp contrast to 
the behaviour in the quasi-static tests. At one point, one crack stopped 
propagating due to crack branching, until one of the branches continued 
propagating. But otherwise there was no start-stop behaviour seen. This 
Page 80 
Chanter 4 auosi-.Stat;c Tensile Testing 
suggests that in the quasi-static tests a drop in load due to stress relaxation 
is the origin of the start-stop behaviour. This would also explain the 
dependence of ply angle on the behaviour as being due to increased material 
non-linearity as 6 decreases from 90 0 to 45 0 • 
4.4 COMPARISON OF UNNOTCHED AND NOTCHED BEHAVIOUR 
In the experiments described above, unnotched (0/6/0) samples were tested 
to study crack initiation, while notched samples were used to study crack 
propagation. In unnotched samples, all cracks showed catastrophic behaviour 
i.e. cracks propagated the full width of the samples instantaneously after 
crack initiation in all four laminate lay-ups. In notched specimens, only 
(0/9010) samples exhibited this catastrophic behaviour. In the laminates with 
75 0 , 54 0 and 45 0 off-axis plies, the crack length increased incrementally with 
increasing strain subsequent to initial growth from the notch (start-stop 
cracking behaviour). 
The average crack initiation strains for notched samples (Table 4.5) and 
unnotched samples, the latter with and without polished edges (Table 4.4) are 
plotted against off-axis ply angle in Figure 4.12. For the (0/45/0), (0/54/0) 
and (0175/0) laminates it is clear that cracks grow from notches at a lower 
strain than the first crack in a nominally defect-free sample, with the 
difference in the initiation strain greatest for the lower off-axis angles. 
For unnotched samples with polished edges, the polishing process has 
reduced the effect of defects at the edge of the sample. In notched (0/9010) 
samples the presence of notches was found to make little difference to the 
average crack initiation strain, so it seems reasonable that removing defects 
from the edge of the sample is unlikely to have any effect on the average 
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crack initiation strain. As 6 decreases, the effect of the presence of a notch 
becomes more pronounced and the results from the samples with polished 
edges reinforce the conclusion that the (0/45/0) and (0/54/0) samples are 
notch sensitive and that the (0175/0) samples are marginally notch sensitive 
and the (0/90/0) samples are notch insensitive. 
4.5 CONCLUSIONS 
(0/6/0) laminates have been used to study matrix crack initiation and 
propagation phenomena under mixed mode loading. In unnotched 'as-cut' 
samples (and even more so in the samples with polished edges) there is an 
increase in the applied longitudinal strain for matrix crack initiation with 
decreasing 6. The effect of machined-in notches in the off-axis ply of a 
(0/6/0) laminate on matrix cracking behaviour is dependent on the off-axis 
ply angle 6. The (0/90/0) lay-up is notch insensitive while lay-ups with 
values of 6 in the range 75° to 45° are notch sensitive to varying degrees. 
There is an increase in the strain increment to grow a crack across the full 
width of a coupon as the off-axis ply angle decreases from 6 = 90° to 6 = 
45 ° and this increase corresponds to the development of start-stop growth 
behaviour. The start-stop growth behaviour does not occur when samples are 
tested under load control rather than displacement control. 
Crack initiation from notches is notch-depth insensitive for the notch depths 
investigated, consistent with results and predictions in the literature for 
cracking in (0/90/0) laminates. 
The differences between the behaviour of unnotched and notched samples 
will be studied further in the following chapter, using laminate plate theory 
to analyse the experimental results obtained. 
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TABLES 
Table 4.1 Table showing the experimentally obtained Young's moduli 
values with the corresponding fibre volume fraction for each 
laminate type. 
Mean experimental 
Vf Young's modulus 
(GPa) and standard , 
deviation~~~ 
0/45/0 0.64 28 ± 0.66 (1) 
Q63 29 ± 0.68 (6) 
0.60 28 ± 1.62 (6) 
0/54/0 0.62 26 ± 0.75 (6 ) 
0.61 28 ± 0.56 (6) 
061 27 (one sample tested) 
0175/0 0.64 28 ± 0.45 (6) 
0.63 26 ± 1.56 (3 ) 
0.62 26 ± 1.21 (it) 
0/90/0 0.63 29 ± 0.40 (OS) 
0.61 27 ± 0.20 t~) 
0.60 25 ± 1.63 (6) 
Table 4.2 Table showing average longitudinal crack initiation strains and 
corresponding laminate stresses for the first cracks in unnotched 
samples with as-cut edges. 
Laminate A verage longitudinal Longitudinal crack 
type crack initiation initiation stress 
strain (%) (MPa) 
0/4510 2.48 ± 0.02 506 
0154/0 1.36 ± 0.04 341 
017510 0.40 ± 0.01 113 
0/90/0 0.36 ± 0.02 103 
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Table 4.3 Table showing average longitudinal crack initiation strains 
and corresponding laminate stresses for the first crack in 
unnotched samples with polished edges. 
Laminate A verage longitudinal Longitudinal crack 
type crack initiation initiation stress 
strain (%) (MPa) 
0/4510 2.53 ± 0.03 589 
0154/0 1.81 ± 0.19 448 
017510 0.68 ± 0.02 157 
0/90/0 0.42 ± 0.04 110 
Table 4.4 Comparison between longitudinal off-axis ply crack initiation 
strains in samples with as-cut edges and samples with edges 
polished to a 1 ~m finish. 
Laminate Longitudinal Longitudinal 
type cracking strain for cracking strain for 
as-cut edges (%) polished edges (%) 
0/4510 2.48 2.53 
0154/0 1.36 1.81 
017510 0.40 0.68 
0/90/0 0.36 0.42 
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Table 4.5 Average longitudinal strains and corresponding laminate stresses 
at onset of crack propagation in (0/6/0) laminates, with notches 
of depths in the range 0.5 mm - 3 mm. 
Laminate Average longitudinal Longitudinal crack 
type crack propagation propagation stress 
strain (%) (MPa) 
0/45/0 1.19 ± 0.12 268 
0/54/0 1.04 ± 0.14 261 
017510 0.45 ± 0.09 122 
0/90/0 0.41 ± 0.03 106 
Table 4.6 A verage longitudinal strains at onset of crack propagation in 
notched (0/6/0) laminates. Comparison of values obtained from 
samples containing six notches of depths in the range 0.5 mm -
3 mm and values obtained from samples with all notches of 
depth 1.5 mm. 
Average longitudinal cracking strain (%) 
Laminate 
type Notches with depths Notches with 
0.5 mm - 3 mm depth of 1.5 mm 
0/45/0 1.19 ± 0.12 1.21 ± 0.11 
0154/0 1.04 ± 0.14 1.06 ± 0.13 
0175/0 0.45 ± 0.09 0.52 ± 0.10 
0/90/0 0.41 ± 0.03 0.39 ± 0.02 
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Figure 4.1 Examples of load-strain plots obtained during quasi-static testing of 
samples from all four laminate types. 
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Plan view photograph of a (0/90/0) ample showing approximately 
equally spaced cracks. 
Plan view photograph howing flat cracks in a (0/54/0) sample and 
edge delamination. 
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O . \ (Y\ 
Plan view photograph showing 'feathery' crack growth in a (0/75/0) 
sample. 
I---J 
O . IM 
Plan view photograph of cracks propagated from notches in a (0/54/0) 
sample. 
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Plan view photograph of cracks propagated from notches and initiated 
in unnotched regions in a (0175/0) sample. 
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Plan view photograph of a (0/90/0) notched sample showing the effects 
of crack shielding. 
Page 89 
Chointer4 Quasi-Static Tensile Testin8 
(0/45/0) (0/54/0) 
2.5 2 
2 
1.5 
.1: 1.5 r I .; ~ 1\1 ~ 1 
';I. 1 
';I. 
0.5 0.5 
0 
0.5 1.5 2 2.5 3 0 
notch depth (mm) 0.5 1.5 2 2.5 
notch depth (mm) 
(a) X - crack did not grow full width (b) 
(017510) (0/9010) 
1.2 
* 
O.B 
1 ~ 
O.B 
.1: 0.8 I I :; 0.8 i * I ';I. 0.4 ~ I ~ * 0.4 I 
0.2 ~ 0.2 ~ 
0 I 0 
0.5 1.5 2 2.5 3 0 0.5 1.5 2 2.5 
notch depth (mm) notch depth 
(c) (d) 
Figure 4.8 Plots of applied strain as a function of notch depth for each laminate 
type. The bottom and the top of the vertical lines correspond to the start 
and finish of full-width crack propagation respectively. In the (0/90/0) 
lay-up, for which crack growth is instantaneous, no cracks grew from 
the 0.5 mm and 2 mm depth due to shielding by adjacent cracks. 
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Figure 4.9 Plots of applied strain as a function of notch number for six 1.5 mm 
depth notches in a (0154/0) sample. The bottom and the top of the 
vertical lines correspond to start and finish of full-width crack 
propagation. 
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Figure 4.10 An example of the type of plot obtained from the investigation into 
start-stop behaviour. This plot shows data obtained from a (0/54/0) 
sample. The key shows initial notch depths. 
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from each notch in a1l1aminate types. Key shows initial notch depths. 
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Figure 4.12 Longitudinal cracking strain as a function of off-axis ply angle for 
notched and unnotched samples, the latter with as-prepared edges and 
edges polished to a 1 ~m finish. 
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5.1 INTRODUCTION 
Within this chapter, the quasi-static data presented in chapter 4 are analysed 
using laminated plate theory combined with a technique for including material 
non-linearity. A general overview of laminated plate theory is presented first, 
and then the theory is used to analyse the quasi-static data. Initially, analysis 
of the quasi-static data is based on the assumption of linear elastic behaviour. 
Theoretical Young's modulus values are presented and compared to the 
experimentally obtained Young's modulus values. Next, average longitudinal 
crack initiation/propagation stresses are used together with laminated plate 
theory to calculate the ply stress in the off-axis ply corresponding to crack 
initiation or crack propagation. The data from unnotched samples (with both 
as-cut and polished edges) and notched samples are compared. 
Material non-linearity is significant when (0/6/0) laminates have low values of 
6 (i.e. 45 0 and 54 0 ) and needs to be taken into account when calculating ply 
stresses. A method is presented to account for this non-linearity including an 
example for a (0/4510) notched sample. Thermal effects are also introduced at 
this stage. Results of the non-linear analysis for unnotched and notched samples 
are compared to the linear elastic analysis results. The results of the non-linear 
analysis on data for notched samples are also compared to the transverse 
normal stress for crack propagation calculated from fracture mechanics to 
investigate whether a fracture mechanics based failure criterion is appropriate. 
5.2 LAMINATED PLATE THEORY 
The overall behaviour of a multidirectional laminate is a function of the elastic 
properties and stacking sequence of individual layers. Laminated plate theory 
(LPT) is used to predict the response of the laminate to external loads and is 
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described briefly below. 
Consider an individual layer, k, in a multidirectional laminate whose midplane 
is at a distance Zk from the laminate reference plane. The stress strain relations 
for this layer referred to its material axes are:-
where 
°2 - Q 21 Q 22 0 €2 
'1;12 0 0 ~6 Y12 
QIl = E, I (1- \\2 ~, ) 
Q 12 = V12 ~ I (1- 'h ~, ) 
Q22 = ~ I (1- \\2 ~, ) 
Q66 = G'2 
(5.1) 
(5.2) 
After transformation to the laminate coordinate system this becomes:-
Qu Q12 Q16 Ex 
Q12 Q22 026 Ey for each ply (5.3) 
~6 <n6 Q66 y xy 
The Qij terms are the transformed reduced stiffness components and are 
functions of the reduced stiffness components, Qij' and the angle a, which is 
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measured anticlockwise from the loading direction. 
Once the elastic properties (Qjj values) for each individual lamina within the 
laminate have been calculated, LPT can be used. The constitutive equations of 
LPT are expressed below in condensed form e.g. Jones (1975):-
N. 
1 
M. 
1 
Nj = force per unit width 
Mj = bending moment per W\H:. wld.-lh 
Kj = out of plane curVQtures 
Ej = mid plane strains 
(5.4) 
A, Band D are the extensional stiffness matrix, coupling stiffness matrix and 
bending stiffness matrix respectively. The components of the stiffness matrices 
A, Band D are evaluated as follows:-
n 
(Aij) = E (Qij)k(Zk -Zk-l) 
k=l 
_l~ - 2 2 (B . .) --L.J (Q ")k(Zk -Zk 1) (5.5) 
IJ 2 k=l IJ -
_lEn - 3 3 (D .. )-- (Q,,)(Zk -Zk 1 ) 
lj 3 lj -
k=l 
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For the purpose of this work, because the laminate is symmetric, the above 
equation is reduced to :-
All ~2 A 16 Ex 
A12 ~2 A 26 €y 
(5.6) 
A16 ~6 A66 Yxy 
Ny and Nxy are both zero in the current work as there is load applied only in the 
x direction. Ajj values are calculated and the force per unit width, Nx ,is 
known for a particular sample, therefore three strain values can be found (y xy 
is non-zero due to extension shear in the unbalanced 0/8/0 laminate). The 
longitudinal modulus is N/(tEx). The strain values can then be used to 
calculate the stress values Ox , Oy and Txy for each ply and these stresses can 
then be transformed into ply stresses 01' ~ and T12 . In this work, the stress 
perpendicular to the fibres in the off-axis ply at crack initiation or crack 
propagation is of particular interest (Le. O2). 
A laminate analysis programme (LAP) developed by Imperial College, London 
has been utilized to carry out the LPT calculations. LAP allows the ply 
material properties and loading conditions to be specified and then presents 
results in the form of a graphical display of stresses and strains in each ply, or 
in vector form. A number of sets of results were verified by hand. 
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5.3 LINEAR ELASTIC ANALYSIS OF QUASI- STATIC DATA 
5.3.1 INTRODUCTION 
The quasi-static data presented in the previous chapter are analysed here using 
laminated plate theory, assuming elastic behaviour. Thermal stresses are not 
included at this stage, although they will be considered in a later section. The 
experimentally obtained Young's moduli are compared to the theoretical 
Young's moduli calculated by LPT. The experimental Young's moduli were 
obtained over the strain range 0% to 0.25% for which the load-strain graphs 
are linear for all four laminate types. 
Average longitudinal crack initiation/propagation stresses were used together 
with LPT to calculate the ply stress for the off-axis ply corresponding to crack 
initiation/propagation. The data are presented and discussed for unnotched 
samples (with both as-prepared and polished edges) and notched samples. 
Comparisons between unnotched and notched behaviour are discussed. 
5.3.2 MODULUS CALCULATIONS 
The theoretical Young's modulus was calculated for each laminate type using 
laminated plate theory, assuming elastic behaviour and including 
extension/shear effects. The ply properties for the relevant volume fractions 
were used to carry out the laminate theory calculations. These ply properties 
were obtained from Lee (1992) for each volume fraction required and are 
shown in Table 5.1. 
The theoretical Young's moduli are shown in Table 5.2 together with the 
experimentally obtained Young's moduli values. It can be seen that in most 
cases there was a reasonable agreement between the theoretical and 
Page 98 
Chanter 5 Ana1)lsis of guasi-Static Data J, 
experimental Young's moduli although the experimental Young's modulus 
tended to be slightly lower (approximately 5% lower) than the theoretical 
Young's modulus. 
5.3.3 PLY STRESSES 
The average longitudinal crack initiation stresses shown in Tables 4.2, 4.3 and 
4.5 for unnotched samples with as-cut and polished edges, and notched 
samples, respectively, were used together with LPT to calculate the ply stress 
for the off-axis ply corresponding to crack initiation/propagation for each 
laminate type. In these calculations, elastic behaviour was assumed. Thermal 
stresses were not included at this stage, though they will be considered in a 
later section. Ply properties for an average volume fraction of o.b3 were used 
(see Table 5.1). The ply stress normal to the off-axis fibres, 02' for unnotched 
samples with as-cut edges are presented for each laminate type in Table 5.3. 
The average longitudinal crack initiation stresses are also shown. It can be seen 
from Table 5.3 that for unnotched samples with as-cut edges, the ply stress 
normal to the off-axis fibres is greatest when the off-axis fibres are at 45 ° to 
the loading direction. This ply stress decreases slightly as e increases to 54 ° 
followed by a large decrease as e increases to 75 0. The ply stress values for 
e = 75 ° and e = 90° are very close indicating that matrix cracking initiates in 
as-cut unnotched laminates with high off-axis angles i.e. 90° and 75°, at 
approximately the same off-axis ply stress. 
The ply stress normal to the off-axis fibres and the average crack initiation 
stress for unnotched samples with polished edges is shown for each laminate 
type in Table 5.4. It is clear that for unnotched samples with polished edges, 
as in the case of unnotched samples with as-cut edges, the ply stress normal to 
the off-axis fibres decreases as the off-axis ply angle increases from 45 ° to 
75 0. In these unnotched samples though, there is a 'OJ3e.f" decrease in ply 
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stress as e increases from 75 0 to 90 0 • This could be due to the 0175/0 samples 
having polished edges and the number of possible edge initiation sites having 
therefore been reduced (see Chapter 4). 
Table 5.5 shows the average longitudinal crack propagation stress and ply 
stress normal to the off-axis fibres for notched samples of each laminate type. 
It can be seen that the differences in ply stress normal to the off-axis fibres 
with change in angle is much less for notched samples, the difference between 
the largest and smallest ply stresses being only about 25 MPa. There may also 
be a slight tendency for the ply stress to decrease as e increases. 
For this linear elastic analysis, average longitudinal cracking stresses were used 
to calculate the Nx values that were entered into the LAP programme and it 
was noted that the corresponding Ex values calculated by LAP were lower than 
the average longitudinal cracking strains found experimentally. For instance. 
for the notched 45 0 samples, the average longitudinal cracking stress found 
experimentally was 268 MPa which corresponded to a measured cracking strain 
of 1.18 %. However, using the LAP programme, a stress of 268 MPa 
corresponds to a strain of only 0.86%. The difference in experimental and 
calculated strains is due to material non-linearity and the assumption of linear 
elastic behaviour in the LAP programme. Figure 5.1 illustrates why the two 
strain values are different. The experimentally measured strains are compared 
to the LAP values (based on the measured stresses) for each laminate type in 
Table 5.6. It can be seen that the difference in experimental and theoretical 
strains decrease as e increases from 45 0 to 90° i.e. there is less effect of 
material non-linearity as e increases. 
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5.3.4 COMPARISON OF UNNOTCHED AND NOTCHED BEHAVIOUR 
The ply stresses normal to the off-axis fibres, 02' presented in Tables 5.3, 5.4 
and 5.5 are shown plotted against ply angle, a, in Figure 5.2. The differences 
in ply stresses for crack growth in unnotched samples with as-cut and polished 
edges ~ are considered first. It can be seen that polishing 
the sample edges has the effect of increasing the ply stress for crack initiation 
in the un notched samples with a values of 45°, 54° and 75°, the largest 
increase being for samples with an off-axis angle of 54 0. In un notched samples 
with a ply angle of 90°, polished edges have no effect on the ply stress normal 
to the off-axis fibres. 
Turning now to a comparison of the notched and unnotched data, it is clear that 
there is a large difference in ply stress, 02' between unnotched and notched 
samples when a = 45 ° and a = 54 0. On the other hand, the ply stress for 
notched (0175/0) samples is similar to that for unnotched samples with as-cut 
edges and there is little difference in 02 between unnotched samples (with as-
cut or polished edges) and notched samples in a (0/90/0) lay-up. It can thus be 
seen that the presence of notches and/or defects decreases the 02 ply stress for 
the two lower a values. 
Now considering trends in ply stress with increasing a for un notched and 
notched samples. The ply stress normal to the fibres at crack propagation in 
notched samples appears to decrease by about 25 MPa as a increases from 45 ° 
to 90°. However, consideration of effects due to the (minor) levels of thermal 
stress (which increase as 6 increases) and material non-linearity (which will 
reduce the level of 02 for the lower 6 values) suggests that the ply stress 
normal to the off-axis fibres for crack propagation is independent of ply angle, 
to a first approximation. This will be confirmed by subsequent calculations 
(section 5.4). 
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A constant value of 02 for notched samples is consistent with a fracture 
mechanics approach to matrix crack propagation if, as seems likely for a low 
toughness resin system, crack propagation is dominated by mode I loading. 
This conclusion regarding crack propagation is equivalent to the maximum 
stress criterion and is not consistent with an interactive criterion such as that 
proposed by Shahid and Chang (1995). It is consistent however, with work by 
O'Brien and Hooper (1993) in which it was suggested that the transverse 
normal stress controlled cracking near the free edge in central plies of (Oi6 2/-
62) CFRP laminates. 
Crack initiation, on the other hand, is sensitive to off-axis angle and 
presumably to the degree of mode mixity. The levels of stress (and strain) are 
considerably higher for crack initiation at smaller angles implying that any 
model for crack initiation at small angles has to consider material non-linearity. 
Even with this modification, it is not clear what fracture criterion might be 
appropriate, since the stress/strain state will be more severe at the lower values 
of 6. The role of material non-linearity will be considered in section 5.4. 
5.3.5 CONCLUSIONS 
The theoretical Young's moduli calculated for each laminate type using LPT 
and assuming elastic behaviour were found to be similar to the experimentally 
obtained Young's moduli values. 
The transverse normal ply stress for crack initiation (unnotched samples) or 
crack propagation (notched samples) was found using the average longitudinal 
laminate stress and a LAP programme. For both types of unnotched samples 
(as-cut and polished) the calculated ply stress normal to the off-axis fibres, 0z, 
for crack initiation decreased as off-axis angle, 6, increased. The un notched 
samples with polished edges exhibited the largest 0z ply stresses. In notched 
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samples the ply stress normal to off-axis fibres for crack propagation appears 
to be independent of ply angle, to a first approximation. 
It was demonstrated that samples with small off-axis angles exhibited a high 
degree of material non-linearity. The degree of non-linearity decreased as off-
axis angle increased with the (0/90/0) samples showing no material non-
linearity. Hence the ply stress calculated from linear elastic LPT may be 
overestimated for the smaller values of a investigated due to the effects of 
non-linearity. Therefore, it is necessary to consider the role of material non-
linearity when calculating ply stresses and this is considered in the next 
section. 
5.4 NON-LINEAR ANALYSIS OF QUASI-STATIC DATA 
5.4.1 INTRODUCTION 
It has been shown that the use of LPT assuming elastic behaviour is not 
appropriate for laminates with the smaller values of a due to the effects of 
material non-linearity. In this section, a method for accounting for specimen 
non-linearity is presented with a worked example. This method is then used to 
calculate non-linear LPT data, including thermal stresses and to calculate the 
ply stress normal to the off-axis fibres corresponding to crack 
initiation/propagation. The non-linear data for unnotched and notched samples 
are compared and a comparison is made between the non-linear data and the 
linear elastic LPT data. The shear stress, 't 12' corresponding to crack initiation 
or crack propagation for each laminate type is also calculated and plotted 
against the transverse normal ply stress and the resulting graph is discussed. 
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5.4.2 METHOD FOR ACCOUNTING FOR SAMPLE NON-LINEARITY 
Material non-linearity is visible when examining the load-strain graph of any 
material. In a sample exhibiting non-linearity, the load-strain graph deviates 
further from linear behaviour as the strain increases (see Figure 5.3). In the 
(0/6/0) samples tested here, greatest non-linearity was observed in (0/45/0) 
samples while no non-linearity was seen in (0/90/0) samples. Material non-
linearity has the effect that any ply stresses (normal or shear stresses) 
calculated from LPT based on elastic behaviour will be an over-estimate in the 
ply undergoing non-linear deformation, particularly for the lower 6 values. 
To allow for material non-linearity, an elastic analysis is run but with reduced 
shear moduli. The reduced shear moduli are determined such that the 
combination of shear stress, 1:, and shear strain, y, for any ply will lie on the 
shear stress versus shear strain graph. To calculate the reduced shear moduli 
and hence the 'real' stress values, an iterative process has been used in 
conjunction with the LAP programme and a shear stress-shear strain curve for 
a (±45hs sample from the same GFRP system (Easterbrook, 1995), see Figure 
5.4. The tangent to the (±45)2s shear stress-shear strain curve gives the shear 
modulus, GI2 (since ~2 = t'12/Y12 ). In Figure 5.4, the initial tangent gives a 
shear modulus value of G12 = 5 GPa. For the linear elastic results presented in 
section 5.3.3, the shear modulus used in the LAP calculations was this value. 
However, it is clear from Figure 5.4 that the value of 0 12 is lower for higher 
values of t'12 or Y 12 . 
The procedure for determining the reduced shear moduli is as follows. The 
elastic analysis is run with the initial elastic shear modulus (0=5 OPa). This 
gives shear stresses and strains for each ply which can then be plotted on the 
shear stress-shear strain graph. A reduced shear modulus value is chosen for 
each ply which should bring the shear stresses and strains closer to the shear 
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stress-shear strain curve. These reduced moduli are then used when re-running 
the elastic analysis and new shear stress and shear strain values are calculated 
and compared with the shear stress-shear strain curve. If the new shear stress 
and shear strain values do not quite fit on the curve (which they usually do 
not), the process is repeated until they do. 
An example is now presented which demonstrates this iterative method. A 
notched (0/45/0) specimen is used as the example. Ply property data for 
samples with an average volume fraction of O;6l , presented in Table 5.1, are 
required together with the experimentally determined Nx value corresponding 
to the onset of crack propagation for the notched (0/45/0) sample (Nx = 536.8 
N/mm). Using the LAP programme, values of shear stress, 1:'12 and shear strain, 
Y 12 for 0° and 45 ° plies can be calculated (now including thermal stresses, 
calculated using (XI=6.7E-6/°C, ~=2.93E-5rC, aT=130) corresponding to the 
value of Nx' 
When GI2 = 5 GPa, this gives 1:'12 (0) = - 3.624 MPa, "1f2 (0) = - 0.07249% 
1:'12(45) = - 68.15 MPa, Y 12 (45) = - 1.363% 
In this case, the shear stress and shear strain values are negative but it is 
assumed that the shear stress-shear strain graph has the same shape in the 
negative-negative quadrant as in the positive-positive quadrant. The values can 
thus be plotted as positive values on the graph produced by Easterbrook (1995) 
and are shown in Figure 5.5. Both points lie on the G12 = 5 GPa tangent and 
are well above the 1:'12 versus YI2 curve. The points are then fitted onto the 
shear stress-shear strain curve by lowering the shear stress and calculating the 
reduced shear modulus for each ply based on this lower shear stress value. 
In the case of the (0/45/0) notched samples, the two G 12 values found which 
are consistent with Nx = 536.8 N/mm are G 12(0) = 4.35 GPa and GI2 (45) = 2.7 
GPa. These values are entered into the LAP programme and new 1:'12 and Y 12 are 
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calculated to ensure that the new values are consistent with the shear stress-
shear strain curve and that running the analysis with lower shear moduli has 
not caused a significant change in the shear stress and shear strain values. We 
now find 
't dO) = - 1.84 MPa, )'12 (0) = - 0.042% 
and 'td45) = - 42.94 MPa, Yt2 (0) = - 1.59% 
i.e. the shear stress and strain values are significantly altered. When these 
points are plotted in Figure 5.6 however, it can be seen that they both lie very 
close to the experimentally determined shear stress-shear strain curve. The 
modified LPT analysis can now be used to calculate the ply stress normal to 
the off-axis plies taking account of material non-linearity. In this example the 
amended ply stress, 02' has a value of 60.2 MPa compared to ~ = 67.2 MPa 
when assuming elastic behaviour and including thermal stresses. 
5.4.3 RESULTS OF THE NON-LINEAR ANALYSIS 
The ply stress, 02' normal to the off-axis fibres corresponding to crack 
initiation I propagation was calculated, accounting for material non-linearity, 
as described in section 5.4.2. The calculated ply stresses include thermal stress 
contributions and to be able to compare the non-linear results with results 
obtained assuming linear elastic behaviour, the linear elastic results were 
recalculated to include thermal stresses. The amended linear elastic results 
(including thermal stresses) are presented in Table 5.7 and show data for 
unnotched (polished and as-cut) and notched samples for all four laminate 
types. Including the thermal stresses does not alter the general trends seen and 
discussed previously in Tables 5.3, 5.4 and 5.5 but has the effect of raising the 
ply stress values, especially in the 90° and 75° samples. 
The results of the non-linear analysis for each type of specimen are presented 
in Tables 5.8, 5.9 and 5.10 including the shear modulus values, 0 12(0) and 
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GI2(8) required to fit the 112 and "i2 data to the curve. It can be seen that for 
samples which show the most non-linearity (45° and 54°), the GI2(8) value's 
need to be reduced greatly to account for this non-linearity, while the GdO) 
values are all similar (around 4 GPa). 
For the unnotched samples with as-cut edges (Table 5.8) and polished edges 
(Table 5.9) it was found that the general trend of a reduction in 02 as 8 
increases still occurs when material non-linearity is taken into account. In 
contrast, for notched samples, the ply stress normal to the off-axis fibres at 
crack propagation is similar for all four ply angles (see Table 5.10). These 
results are shown graphically in Figure 5.7. 
For notched samples, the non-linear analysis has reduced the spread of ply 
stresses causing the line representing the notched data in Figure 5.7 to flatten 
out compared to that for the notched data in Figure 5.2. The ply stress normal 
to the fibres at crack propagation in notched samples now decreases about 16 
MPa as 8 increases from 45 ° to 90 0, with an average ply stress value of 69.25 
MPa. This confirms the previous conclusion that the ply stress normal to the 
fibres for crack propagation is independent of ply angle, to a first 
approximation. This is consistent with a fracture mechanics approach and this 
average ply stress value for crack propagation will be compared to that 
predicted by fracture mechanics in the following section. 
The shear stress, 't 12' in the plane of the growing crack has also been 
calculated. When using an elastic analysis the values are very high for 6= 45 0 
and 54 ° (see Table 5.11). Hence, the shear stress was calculated using the LAP 
programme and the non-linear analysis (including thermal stresses) described 
above. The shear stress is presented for unnotched and notched samples for 
each laminate type in Table 5.12. In all cases, the shear stress increases in 
magnitude as 6 decreases from 90° to 45 0 • The ply stress normal to off-axis 
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fibres, 02' are plotted against these shear stress values, 1: 12 , (as positive values) 
in Figure 5.8. It can be seen that for unnotched samples the ply stress, 02' 
generally increases when shear stresses are present i.e. there is some interaction 
between the two stresses which requires an increase in transverse normal stress 
to cause crack initiation under biaxial conditions. For notched samples, on the 
other hand, the presence of the shear stress has little effect on the ply stress for 
crack propagation. These results are both in contrast to a typical Tsai-Hill plot 
for crack initiation/propagation (see Figure 5.9) for which the ply stress, 02' 
decreases as the shear stress, 1:12 , increases. The shear stresses are the same 
regardless of whether the samples are notched or unnotched, this is just a 
consequence of being on the plateau of the 1:/Y curve. 
5.4.4 CONCLUSIONS 
A method has been used to account for the effects of material non-linearity in 
shear on calculated ply stresses for crack initiation/propagation. The non-linear 
analysis leads to a revised and much reduced ply stress for the lower off-axis 
angles of 45 0 and 54 0 • 
For unnotched samples, the ply stress normal to off-axis fibres at crack 
initiation decreases as 6 increases from 45 0 to 90 0 • For notched samples, the 
stress normal to the fibres at crack propagation is reasonably constant and a 
fracture mechanics failure criterion may be applicable. 
The shear stress in the plane of the crack at crack growth/initiation was found 
to decrease as 6 increased from 45 0 to 90 0 • When plotted against the ply stress 
normal to off-axis fibres, the presence of shear stress was seen to increase the 
transverse normal ply stress for unnotched samples. The presence of the shear 
stress, 1:12, had little effect on the ply stress, 02, , for crack propagation in 
notched samples. These results are in contrast to predictions of interactive 
Page 108 
Chnnter 5 
i Annlysis n(Quasi-Static Data 
" 
stress criteria such as that due to Tsai-Hill. 
5.5 COMPARISON OF MEASURED TRANSVERSE NORMAL STRESS 
FOR CRACK PROPAGATION WITH A FRACTURE MECHANICS 
PREDICTION 
The non-linear data for notched samples shows little change in ply stress 
normal to off-axis fibres as the off-axis angle decreases. This is equivalent to 
a maximum stress failure criterion which states that a lamina will fail when 
one applied stress (0 1 '02 or t 12 ) reaches the corresponding lamina strength. To 
investigate whether a fracture mechanics approach is appropriate, the transverse 
normal stress for crack propagation can be compared with the transverse 
normal stress for crack propagation calculated from fracture mechanics for the 
crossply laminate. 
From fracture mechanics the strain energy release rate associated with 
transverse ply crack formation between two existing cracks spaced 2s apart can 
be calculated as follows (Boniface et ai, 1991 a); 
tanh(AS)] 
AS 
A is a function of laminate geometry and moduli given by:-
"'2= aG23(b+d)Eo 
d 2bEIE2 
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bEl +dE2 E =----
o b+d 
(5.9) 
G is the strain energy release rate, a is the applied stress and aT is the thermal 
stress in the transverse ply. EI is the longitudinal modulus of the 0° ply, Ih 
is the transverse modulus of the 0° ply, G23 is the through-thickness shear 
modulus of the transverse ply, 2s is the crack spacing. 
To obtain the results for first ply cracking, we note that the crack spacing, 2s, 
becomes very large. When s is large, tanh(As) tends to a value of 1. Hence it 
can be shown that for first ply cracking in a cross-ply laminate: 
b E2 T 2 d EO G=(l+-)(o-+o ) (-)--
d Eo b AEIE2 (5.10) 
Data from Table 5.2 (for a Vf of ()'Q~) and from Fry (1997) give the following 
values for a cross-ply laminate with b=d=0.5 mm. 
EI = 47.5 GPa 
Ez = 12.75 GPa 
v12 = 0.25 
b = 0.5 mm 
d = 0.5 mm 
V23 = 0.42 
and G23 = 4.5 GPa, from G 23 = E2 12 (1+ V 23 ) 
In this case a value of ex = 3 was used which assumes a parabolic variation of 
the longitudinal displacements in the transverse ply (if ex is taken as 1 or 2, a 
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linear displacement profile is assumed). The average experimental critical 
strain energy release rate for crack propagation measured from double 
cantilever beam experiments by Fry (1997) was Gc = 245.6 11m2 and the 
thermal stress in the (0/90/0) laminate was found to be aT = 26.7 MPa (from 
Bassam et ai., 1998). 
At crack propagation the strain energy release rate G, is equal to the critical 
strain energy release rate G
c 
and hence by knowing Gc the critical stress for 
crack propagation can be found. Using the above data with equations 5.8, 5.9 
and 5.10, the applied laminate stress for first ply failure is calculated to be 
115.6 MPa. This gives a ply stress normal to the 90° fibres of 74.9 MPa. This 
value agrees well with the measured values found at all angles for the (0/6/0) 
laminates (Table 5.7) and is shown in graphical form in Figure 5.10. Hence, 
crack propagation in the transverse ply of a (0/6/0) laminate occurs at the ply 
stress predicted by fracture mechanics when a starter defect is introduced into 
the transverse ply. 
5.6 CONCLUSIONS 
The ply stress normal to off-axis fibres for crack initiationlpropagation has 
been calculated based on LPT and linear elasticity. The assumption of linear 
elasticity has been shown to be in error (particularly for small 6 values) and 
a second method has been developed which accounts for material non-linearity. 
The calculated ply stresses normal to the fibres based on the method 
incorporating non-linearity (transverse tensile and shear) at crack initiation 
become progressively larger as 6 decreases from 90 0 to 45 0 for unnotched 
samples. The same stress was reasonably constant in notched samples at crack 
propagation. It is likely that the differences between the behaviour of 
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unnotched and notched samples relate to fundamental differences in the 
variation with ply angle of the stresses to initiate and propagate matrix cracks. 
So far as crack propagation is concerned, a fracture mechanics approach 
together with maximum stress theory appears to be appropriate to predict crack 
propagation stresses for different values of 6. For crack initiation a failure 
criterion still needs to be developed which allows for material non-linearity. 
Having tested and analysed matrix crack initiation and growth under quasi-
static loading, the next chapter is concerned with crack growth under cyclic 
loading. 
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TABLES 
Table 5.1 Table showing the elastic properties for the volume fractions 
required to carry out the laminate analysis (data obtained from 
Lee, 1992). 
Elastic Volume fractions 
properties 0.60 0.61, Q62 C.63 .. 0.64 , 
EI (GPa) 46 46.5 47 47.5 48 
E2 (GPa) 12 12.25 12.5 12.75 13 
G I2 (GPa) 5 5 5 5 5 
Vl2 0.26 0.255 0.255 0.25 0.25 
Table 5.2 Comparison between experimental Young's moduli and theoetical 
Young's moduli (for corresponding fibre volume fractions) for 
each laminate type. 
Experimental Young's Theoretical Young's 
Ply angle Vf' , modulus (GPa) modulus (GPa) 
063 28.7 ± 0.68 31.1 
45 Q64 28 ± 0.66 31.3 
0.60 27.7 ± 1.62 30.2 
Q61 28.1 ± 0.56 29.6 
54 0.61 27.2 29.6 
C.63 25.7 ± 0.75 30.2 
064 28.1 ± 0.45 30.4 
75 063 26.1 ± 1.56 30.0 
062 25.8 ± 1.21 29.7 
0.63 29.3 ± 0.40 30.3 
90 0.61 27.3 ± 0.20 29.6 
060 25.3 ± 1.63 29.2 
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Table 5.3 
Laminate 
Type 
45 
54 
75 
90 
Table 5.4 
Laminate 
Type 
45 
54 
75 
90 
Anol)J£iS' afCJ"asi.,Stat;c Doto 
Table showing longitudinal crack initiation stresses and the 
corresponding calculated linear elastic ply stresses normal to the 
off-axis fibres, 02' (excluding thermal stresses) for the first 
cracks in un notched samples with as-cut edges. 
Unnotched samples with as-cut edges 
Longitudinal crack Ply stress normal to off-axis 
initiation stress (MPa) fibres (MPa) 
505.5 108.6 
341.4 92.5 
112.6 43.3 
103.3 43.1 
Table showing longitudinal crack initiation stresses and the 
corresponding calculated linear elastic ply stresses normal to the 
off-axis fibres, 02' (excluding thermal stresses) for the first 
cracks in unnotched samples with polished edges. 
Unnotched samples with polished edges 
Longitudinal crack Ply stress normal to off-axis 
initiation stress (MPa) fibres (MPa) 
589.0 126.6 
448.0 121.4 
157.4 60.5 
110.1 45.9 
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Table 5.5 Table showing longitudinal crack propagation stresses and the 
corresponding calculated linear elastic ply stresses, 02' normal 
to the off-axis fibres (excluding thermal stresses) for the first 
cracks in notched samples. 
Notched samples 
Laminate Longitudinal crack Ply stress normal to off-axis 
Type 
45 
54 
75 
90 
Table 5.6 
Laminate 
type 
45 
54 
75 
90 
propagation stress (MPa) fibres (MPa) 
268.4 57.7 
260.9 70.0 
122.0 46.97 
105.7 44.1 
Comparison of experimental strains and LAP calculated strains 
for unnotched (with as-cut and polished edges) and notched 
samples. 
Unnotched as-cut Unnotched polished Notched 
Experimental LAP Experimental LAP Experimental LAP 
E" E" E" E" E" E" 
2.50 1.60 2.56 1.88 1.18 0.86 
1.40 1.12 2.00 1.47 1.04 0.86 
0.39 0.37 0.66 0.52 0.45 0.40 
0.36 0.34 0.38 0.36 0.39 0.35 
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Table 5.7 Table showing the linear elastic ply stress normal to the off-axis 
fibres, 02' (including thermal stresses) for unnotched (with as-
cut and polished edges) and notched samples. 
Laminate 
Type 
45 
54 
75 
90 
Table 5.S 
Laminate 
Type 
45 
54 
75 
90 
Ply stress normal to off-axis ply (MPa) 
Notched Unnotched as-cut Unnotched polished 
67.2 118.1 136.1 
84.3 106.1 135.0 
70.5 66.9 84.2 
70.8 69.8 72.6 
Table showing the optimum shear modulus values found for each 
laminate type in the non-linear analysis of unnotched samples 
with as-cut edges and the corresponding ply stress, 02' normal 
to off-axis fibres (including thermal stresses) at crack initiation. 
Shear modulus (GPa) Ply stress normal to off-axis 
G12(0) G12(8) 
fibres, 02 
(MPa) 
4.2 1.6 98.6 
4.1 2.4 93.9 
4.2 4.2 66.0 
5.0 5.0 69.8 
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Table 5.9 
Laminate 
Type 
45 
54 
75 
90 
Analysis qfQunsi-Statjc Data 
Table showing the optimum shear modulus values found for each 
laminate type in the non-linear analysis of unnotched samples 
with polished edges and the corresponding ply stress normal to 
off-axis fibres, 02' (including thermal stresses) at crack initiation. 
Shear modulus (GPa) Ply stress normal to off-axis 
fibres, 02 
GI2(0) GI2(6) (MPa) 
4.15 1.32 111.8 
4.3 1.87 116.0 
4.1 4 82.8 
5 5 72.6 
Table S.10 Table showing the optimum shear modulus values found for each 
laminate type during non-linear analysis of notched samples and 
the corresponding ply stress normal to off-axis fibres, 02' 
(including thermal stresses) at crack propagation. 
Shear modulus (GPa) Ply stress normal to off-axis 
Laminate fibres, 02 
Type G I2(0) GI2(6) (MPa) 
45 4.4 2.7 60.2 
54 4.2 2.9 76.4 
75 4.2 4.2 69.6 
90 5.0 5.0 70.8 
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Table 5.11 Table showing the shear stress ('t 12) calculated using an elastic 
analysis for unnotched (with as-cut and polished edges) and 
notched samples of each laminate type, including thermal 
stresses, at crack initiation/propagation. 
Shear stress parallel to off-axis ply (MPa) 
Laminate 
Notched Unnotched as-cut Unnotched polished 
Type 
45 -68.15 -120 -138.2 
54 -62.05 -78.13 -99.44 
75 -19.06 -18.08 -22.75 
90 0 0 0 
Table 5.12 Table showing the shear stress ('t12) calculated including non-
linearity for unnotched (with as-cut and polished edges) and 
notched samples of each laminate type, including thermal 
stresses, at crack initiation/propagation. 
Shear stress parallel to off-axis ply (MPa) 
Laminate 
Notched Unnotched as-cut Unnotched polished 
Type 
45 -42.94 -47.33 -47.29 
54 -41.52 -45.65 -47.26 
75 -17.86 -16.97 -20.77 
90 0 0 0 
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FIGURES 
Ply stress 
normal to 
off-axis fibres 
(MPa) 
268.4 
0.86 
Linear elastic theoretical line 
! Non-linear experimental curve 
i 
r 
I 
! 
1.18 Strain (%) 
Figure 5.1 Schematic illustrating the difference between the experimentally 
obtained strain and the theoretically predicted strain for a stress 
of 268.4 MPa. 
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Figure 5.2 Linear elastic ply stress normal to the off-axis fibres, 02' as a 
function of off-axis ply angle for notched and unnotched samples, 
the latter with as-prepared edges and edges polished to a 1 Jlm 
finish. 
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Load 
(kN) 
Strain (%) 
Linear 
Elastic 
Non-linear 
Figure 5.3 Schematic to show comparison of linear and non-linear 
behaviour. 
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Figure 5.4 Plot of shear stress against shear strain for a (± 45h. GFRP 
sample (reproduced from Easterbrook. 1995). 
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't, Y for 45 0 ply 
v 
--=--________ modulus of 45 0 ply 
for second iteration 
,,/~modulus of 0 0 ply 
,-::>" for second iteration 
... " .... 
Shear strain (y) 
Figure 5.5 Plot of initial LAP t 12 and Y12 values for 45 0 and 0 ° plies of a 
notched (0/45/0) sample with a shear modulus of 5 OPa. The 
reduced shear moduli to be used for the second iteration are 
shown with dotted lines. 
't, Y for 45 • ply 
Shear strain (y) 
Figure 5.6 Plot showing the shear stress/strain values for the 0 0 and 45 0 
plies of a notched (0/45/0) sample after the iterative non-linear 
analysis. 
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100~---------------------------------, 
o~--~~--~~--~----~----~----~ 
4:) 70 100 
crt-axis angle 
€I LE polished -0 LE as-aJt -6 LE notched 
• Nl polished ... Nl as-c:ut • Nl nofttted 
LE = linear elastic, NL = non-linear elastic 
Figure 5.7 Plot of ply stress normal to the off-axis fibres, 02' against off-
axis angle to show comparison of linear elastic and non-linear 
analyses. Data for both unnotched (with as-cut and polished 
edges) and notched samples are shown . 
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Figure S.8 Plot of shear stress, 't 12, against ply stress normal to off-axis 
fibres, 02> accounting for non-linearity, in unnotched and 
notched samples. 
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Transverse tensile stress, 0'2. (MPa) 
Figure 5.9 Schematic showing a typical plot obtained from the Tsai-Hill 
criterion. 
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Off-axis angle 
- Predicted ply stress + Experimental ply stress 
Figure 5.10 Plot to show comparison of non-linear ply stress normal to off-
axis fibres derived from the experimental results and the ply 
stress at crack propagation predicted using fracture mechanics. 
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Chapter 6 FatigJ,e Testing ofGERP laminates 
In the final section (6.5), the compliance change of the (0/6/0) specimen with 
6 ply crack length is investigated. The compliance is measured at the start of 
each test, and after cracks have propagated across the width of the sample so 
that the compliance change can be found. The total crack length is measured 
and the average rate of change of compliance with crack length can thus be 
found. These values are compared for the four laminate types. A theoretical 
compliance change is calculated for the (0/90/0) samples which is compared 
with the experimentally obtained data and the results are discussed. 
6.2 EFFECTS OF TESTING PARAMETERS ON CRACK GROWTH 
RATE VALUES 
6.2.1 FREQUENCY EFFECTS 
During fatigue testing, the frequency at which a sample is cycled can affect its 
behaviour. For example, frequency can affect stiffness reduction rates (Ogin, 
Smith and Beaumont, 1984). To investigate whether frequency affects the 
growth rate of cracks in GFRP (0/6/0) samples, (0/54/0) samples were cycled 
at two different frequencies, 10Hz or 1 Hz. Each sample had one notch of 
approximately 1.5 mm depth, to initiate a single crack. A maximum load level 
of7.33 kN was used with an R ratio (minimum load/maximum load) of 0.1 and 
a sinusoidal waveform. The single crack in each sample was monitored as it 
propagated across the sample width. Photographs were taken at regular 
intervals from which a crack length measurement could be obtained 
corresponding to a particular number of cycles. The data was plotted on a 
graph of crack length against number of cycles to establish whether the crack 
growth rate was constant. 
A typical set of results is shown in Figure 6.1. Linear regression was carried 
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out on the data to give a daJdN (crack growth rate) value for each sample. The 
mean crack growth rates for cracks in the (0/54/0) samples cycled at 10Hz or 
1 Hz are presented in Table 6.1. It can be seen that there is very little 
difference in the mean crack growth rates when cycled at 10Hz or 1 Hz, i.e. 
there does not appear to be a frequency effect with these GFRP (0/6/0) 
samples. Therefore, it would be reasonable to use either frequency. 
6.2.2 WAVEFORM EFFECTS 
To investigate whether, during fatigue, the choice of waveform can affect the 
crack growth rate in GFRP (0/6/0) samples, (0/54/0) samples were cycled using 
two different waveforms, sinusoidal and sawtooth. Each sample had one notch 
of approximately 1.5 mm depth from which a single crack initiates. A 
maximum load of 7.33 kN was used together with an R ratio of 0.1. Although 
it had already been established that there were no frequency effects, this was 
double checked by investigating each waveform at both frequencies. Each 
waveform was checked with an oscilloscope, especially the sawtooth waveform 
as this can have a tendency to become sinusoidal at higher frequencies. The 
crack growth was monitored as before (section 6.2.1). The mean crack growth 
rate data are presented in Table 6.2 for both waveforms at frequencies of 10Hz 
and 1 Hz. The crack growth rates were of the same order of magnitude whether 
a sinusoidal or sawtooth waveform was used. It confirmed that there was little 
difference between using a frequency of 10Hz or 1 Hz. It was decided that for 
all crack growth rate investigations, a sinusoidal waveform would be used 
together with a frequency of 10 Hz. 
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6.3 CRACK GROWTH RATE PATTERNS AND DATA 
6.3.1 (0/90/0) SAMPLES 
During fatigue testing of (0/90/0) samples, five different maximum load levels 
were used, with an R ratio of 0.1 in each case. The five load levels were chosen 
to try to produce crack growth rates of different orders of magnitude. To 
calculate these loads it was assumed that the crack growth rate, da/dN is 
proportional to the strain energy release rate range to a power ( i.e. da/dN 0( 
aGm) and that the strain energy release rate is proportional to the load squared 
( i.e. GO( p2 ) so that aG 0( (P rna; - P mi~ ). 
Hence, to decrease da/dN by a factor of ten:-
(daldN)higher =10= (4G .... ) '" 
(dal dN) lower 4 G iIIwr 
(6.1) 
therefore:-
(P )2 -(O.lP )2 
max new max ne'" 10=[ "1m 
2 2 P max -(O.lP max) 
(6.2) 
where P max is the original load used and (~ax ~ew is the load to be calculated. 
The value of m was taken as 5 based on previous work (Boniface et al. 
1991a}.Based on this approach and having carried out an initial test at 2.6 kN 
the loads used were maximum loads of 4.5 kN, 3.38 kN, 2 kN and 1.45 kN. 
Each sample tested had a single notch approximately 1.5 mlll deep. The crack 
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which propagated from the notch was monitored as it grew across the width of 
the sample, with photographs taken at regular intervals to provide crack length 
data with increasing cycles. The test was stopped after the crack had grown the 
full width of the sample. The data obtained were plotted as crack length against 
number of cycles and linear regression was carried out to find the crack growth 
rate, daJdN. 
In (0/90/0) samples tested at all load levels, cracks also tended to initiate in 
unnotched regions of the samples, and the crack propagating from the notch 
was not necessarily the first to propagate, although these other cracks also 
initiated at the sample edges. The presence of other cracks can be seen in 
Figure 6.2 which shows a photograph of a sample cycled to a maximum load 
of 3.38 kN after 17,000 cycles. Figure 6.3 shows a plot of crack length versus 
number of cycles for a (0/90/0) sample cycled with a maximum load of 2 kN. 
In this sample a crack propagates from the notch soon after the test starts and 
then grows at a constant rate across the sample. In some cases, however, the 
sample was cycled many times before a crack propagated from the notch. This 
is shown in Figure 6.4, where no crack propagated from the notch until after 
approximately 80,000 cycles. 
The crack growth rate data for each load level are shown in Table 6.3. When 
samples were tested at the highest maximum load level, the crack propagating 
from the notch in each sample tended to grow the full width of the sample in 
approximately 500 cycles and the crack growth rate was about 10-2 mmlcycle. 
As the maximum load is decreased, the crack growth rate decreases (Table 6.3). 
For a maximum load of 3.38 kN, the growth rates were of the order of 10-4 
mm/cycle, while the samples tested at a maximum load of 1.45 kN had a 
growth rate of about 10-5 mmlcycle. 
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6.3.2 (0/75/0) SAMPLES 
Four different maximum load levels were used during the series of fatigue tests 
on (0/75/0) samples, with an R ratio of 0.1 in each case and a frequency of 10 
Hz. The loads were calculated as shown in section 6.3.1 to give a range of 
crack growth rates. The load levels used were 7.3 kN, 5.5 kN, 4.13 kN and 3.1 
kN. Each sample tested had a single notch with a depth of approximately 1.5 
mm. 
In samples which were cycled at the two highest maximum loads (7.3 kN and 
5.5 kN) a crack propagated first from the notch in each case. Figure 6.5 shows 
a (0/75/0) sample cycled to a maximum load of 5.5 kN, after 100 cycles. 
However, subsequently other edge cracks began to initiate in unnotched regions 
(see Figure 6.6.which shows the same specimen after 2,600 cycles). At the 
highest maximum load, a crack would grow the full width of a sample within 
15 - 20 cycles, while for a maximum cyclic load of 5.5 kN it took around 
10,000 cycles for a crack to grow full width (see Figure 6.7). 
When (0/75/0) samples were cycled with a maximum load of 4.13 kN, cracks 
would initially propagate only from notches, although eventually cracks would 
begin to initiate in unnotched regions as well. It would typically take 
approximately 50,000 cycles for a crack to grow full width (see Figure 6.8). At 
the lowest maximum cyclic load, 3.2 kN, cracks propagate only from notches 
and no other cracks initiated within the sample. Figure 6.9 shows a full width 
crack with no other cracks present. These cracks grew full width within about 
.180,000 cycles (see Figure 6.10). 
Table 6.4 gives the crack growth rate data for all the (0/75/0) samples tested 
at each of the four maximum load levels. At a maximum cyclic load of 7.3 kN, 
the crack growth rate is very high. As the maximum load is decreased, so the 
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crack growth rates decrease (by an order of magnitude for each decrease in load 
between 5.5 kN and 3.1 kN). The crack growth rates are again quite 
reproducible between samples at each load level. 
6.3.3 (0/54/0) SAMPLES 
The four maximum loads used during the series of fatigue tests on (0/54/0) 
samples were 8.5 kN, 7.33 kN, 5.5 kN and 4.5 kN. 
At all four maximum load levels, cracks propagated only from notches. No 
cracks initiated in unnotched regions. Figure 6.11 (a), (b), (c) and (d) show 
examples of crack length against number of cycles for the different load levels. 
It can be seen that in most cases, the cracks started to grow from the notches 
soon after the fatigue test commenced. The crack growth rate data for (0/54/0) 
samples tested at each maximum cyclic load are presented in Table 6.5. There 
was only a small decrease in crack growth rate when the maximum load was 
decreased from 8.5 kN to 7.33 kN, although each decrease in load from 7.33 
kN to 4.5 kN caused the growth rates to decrease by about an order of 
magnitude. In some samples, the cracks propagating from notches tended to 
exhibit a small degree of crack branching due to local irregularities in fibre 
distribution. Two examples of crack branching are shown in Figure 6.12 (a) and 
" (b). When branching occurs, the crack growth rate of both branches is 
substantially reduced until one part of the divided crack tip is able to grow 
beyond the branching point. Indeed, it was a sample in which the crack 
propagated without branching (see Figure 6.13 which shows a (0154/0) sample 
after 349,000 cycles) which caused an anomaly in the crack growth rates 
(2.25xI0-4 mmlcycle, compared to 4.3xI0-5 and 2.lxH)5 mm/cycle for a 
maximum cyclic load of 4.5 kN). 
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6.3.4 (0/45/0) SAMPLES 
During the series of fatigue tests on (0/45/0) samples, the four maximum loads 
employed were 12 kN, 9.3 kN, 7 kN and 5.2 kN. Again each sample was 
notched once and the resulting crack was monitored to provide crack length 
versus number of cycles data. 
Typical crack length against number of cycles plots for (0/45/0) samples tested 
with maximum cyclic loads of 12 kN, 9.3 kN, 7 kN and 5.2 kN are shown in 
Figure 6.14 (a), (b), (c) and (d), respectively. All cracks propagate from the 
notches soon after the tests commence. The cracks all propagate at a roughly 
constant rate throughout the tests. Crack growth rate data for these (0/45/0) 
samples are presented in Table 6.6. The growth rates for loads of 12 kN and 
9.3 kN are of the same order of magnitude, although the rate decreases as the 
load decreases to 9.3 kN. The growth rate decreases by two orders of 
magnitude as the load decreases to 5.2 kN. 
At the highest cyclic load (12 kN) cracks propagated initially from notches. 
Later, cracks initiated also in unnotched regions of the samples. These cracks 
did not necessarily initiate from the sample edges, with many cracks initiating 
within the bulk of the sample (see Figure 6.15 which shows a sample after 
5,500 cycles). Upon further cycling, delaminations would begin to occur, 
initially between the notch and the sample edge. An example is shown in 
Figure 6.15. At a maximum cyclic load of9.3 kN, cracks would propagate only 
from notches. Delaminations would usually occur between the notch and 
sample edge before the crack propagating from the notch had grown fully 
across the sample width. This can be seen in Figure 6.16 which shows a sample 
cycled with a maximum load of 9.3 kN after 8,500 cycles. 
At the two lowest cyclic loads (7 kN and 5.2 kN), cracks propagated only from 
Page 131 
Chapter 6 FatigJle Testjng afGERP lamjnates 
notches. No delaminations occurred before cracks had reached the full width 
of the samples. An example of this is shown in Figure 6.17. 
6.3.5 DISCUSSION 
In all samples with 90° off-axis plies, edge cracks initiated in unnotched 
regions whichever of the maximum loads were used. In most cases, the crack 
propagating from the notch was not the first crack to grow in the sample. In 
(0/75/0) samples, cracks propagated initially from the notches. For the three 
highest maximum loads, upon further cycling, edge cracks initiated in 
unnotched regions. At the lowest peak load, cracks were only observed 
propagating from the notches. 
For samples with an off-axis ply of 54 0 , cracks only propagated from the 
notches. In (0/45/0) samples tested with a maximum cyclic load of 12 kN, 
cracks initially propagated from the notches. Eventually other cracks initiated, 
with some of these cracks being initiated at the edge, and many initiating 
within the bulk of the samples. Delaminations were also observed. Under cyclic 
loading to a maximum load of 9.3 kN, delaminations began to occur between 
the notch and sample edge before the cracks had grown full width. At the two 
lowest peak loads, cracks propagated from notches with no delamination. 
One major conclusion to be drawn from these results is that they show the 
same general trend of notch sensitivity that was observed in notched samples 
tested under quasi-static loading i.e. a transition from notchilsensitivity at 
6=90° and increasing notch sensitivity with decreasing 6. However, one main 
difference is that under quasi-static loading cracks only initiated at sample 
edges whereas in the (0/45/0) samples under fatigue loading with a maximum 
cyclic load of 12 kN, cracks initiated within the bulk of the material. The 
fatigue crack growth rates obtained from samples tested at a particular peak 
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load were fairly reproducible, and the slight scatter in growth rates is to be 
expected because the crack growth rate will be sensitive to local irregularities 
at the crack front. 
The phenomenon of crack shielding which was seen under quasi-static loading 
was seen also in cyclic loading. For example, Figure 6.18 shows a specimen 
with a crack which had initiated in an unnotched region growing very close to 
the tip of the 90 0 crack propagating from the notch. The result of the 
interaction can be seen in Figure 6.19 where the growth rate of the crack grown 
from the notch drops off severely when the crack tips overlap, though this 
crack does eventually reach full width. Similar observations have been made 
by Boniface and Ogin (1989). 
With few exceptions, the cracks grow across the width of the sample with an 
approximately constant growth rate which was independent of crack length. A 
constant growth rate is expected if the strain energy release rate (and the 
related stress intensity factor) is independent of crack length. However, in a 
few samples, the crack growth rate of a crack propagating from a notch was 
initially high, before reducing and then becoming constant across the remaining 
width of the sample. This change in crack growth rate tended to be observed 
in samples with low off-axis angles (45 0 and 54 0 ). Figure 6.20 shows an 
example of the crack length versus number of cycles plot for a crack 
propagating in a (0/45/0) samples with a peak load of9.3 kN where this change 
in growth rate can clearly be seen. Such crack growth behaviour has been 
found before in (0/90/0) samples e.g. Boniface et al., 1991(a), who attributed 
this to either localised edge effects or to slight irregUlarities in the initiation of 
the crack from the notch caused by the detailed internal geometry of the notch. 
A few broken fibres in the 00 plies or small delaminations could also be 
causes. 
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6.4 THEORETICAL CORRELATIONS 
6.4.1 INTRODUCTION 
In the previous section, crack growth rates were found for cracks propagating 
in (0/6/0) samples cycled to various peak load levels. In this section, the peak 
load values are used to calculate transverse stresses normal to the growing 
cracks (the transverse normal ply stresses, 02), which can then be related to 
stress intensity factor ranges and strain energy release rate ranges. The data are 
analysed to investigate whether a Paris relation is applicable. Next, the 
transverse normal ply stresses for the 6 0 plies in the (0/6/0) laminates tested 
in this work are compared to previously published data for crack growth in the 
90 0 ply of a (0/905)5 cross-ply laminate (Boniface et al., 1991a) and the 90 0 
and +45 0 plies in a quasi-isotropic (0/90/-45/+45)5 laminate (Tong et al., 1997). 
6.4.2 CALCULATION OF 02 VALUES 
Crack growth rate data for laminates with 90 0 , 75 0 , 54 0 and 45 0 off-axis plies 
are shown in Tables 6.3, 6.4, 6.5 and 6.6 respectively, along with 
corresponding maximum cyclic loads. These maximum cyclic loads were used 
to calculate the overall sample stress, ox, and hence the force per unit width, 
Nx, for each sample. The use of the LAP program then enabled the transverse 
normal ply stress, 02' to be calculated for each sample. Elastic properties for 
an average volume fraction of 0'63 were used (Table 5.1). Any material non 
linearity was taken into account using the method outlined in section 5.4.2. For 
each laminate, the maximum and minimum values of 02 during the fatigue 
cycles i.e. 02max and ° 2min' were calculated, including thermal stress 
contributions. 
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Table 6.7 shows the experimentally measured crack growth rates for the 
(0/45/0) samples together with the calculated maximum and minimum non-
linear transverse normal ply stresses. As expected, the crack growth rate 
decreases as the ply stress normal to the growing crack decreases, because the 
lower growth rates are brought about by lower peak cyclic loads and hence 
lower transverse normal ply stresses. The corresponding crack growth rates and 
stresses for (0/54/0) samples and (0/75/0) samples are shown in Tables 6.8 and 
6.9 respectively. Table 6.10 shows the results for (0/90/0) samples, together 
with the maximum and minimum transverse normal stresses. Unlike the 
(0/75/0), (0/54/0) and (0/45/0) results, these stresses were calculated using 
straightforward linear elastic LPT as there are no shear stresses in this lay-up. 
To try to relate all the crack growth data, the stress intensity factor associated 
with the growing crack is considered. In (0/90/0) laminates, Ogin et al. (1985b) 
suggested that since load is transferred around the crack via the 0° plies, there 
will only be a stress intensity due to the localised disturbance in the region of 
the crack tip. The stress intensity factor was given by Ogin et al. (1985b) as 
approximately 
K = oav v'(2d) (6.3) 
where 2d is the thickness of the cracking ply and 0av is the average stress 
acting in the transverse ply in the region of the crack. In this work, the 
transverse normal ply stress, °2 • is the stress acting normal to the crack and, 
assuming this to be the dominant contribution to the stress intensity factor, then 
equation (6.3) can be rewritten for the maximum cyclic stress as 
Kmax = 0 2max v'(2d) (6.4) 
where O 2 max is the maximum transverse normal stress including thermal 
contributions. The crack growth rate, daldN, is plotted against maximum 
transverse normal stresses in a log-log plot in Figure 6.21 for all four laminate 
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types. The data from all the laminates lie roughly along a straight line which 
justifies further investigation using an approximate Paris crack growth law 
analysis (section 6.4.3). 
6.4.3 APPROXIMATE PARIS CRACK GROWTH ANALYSIS 
The growth of a crack can be investigated theoretically by considering the 
stress intensity factor, K, associated with the growing crack, which determines 
the magnitude of the elastic stresses near the crack tip. Alternatively, the strain 
energy release rate, G, associated with a growing crack can be considered 
which is based on the change in stored elastic energy and the work done by the 
applied load as the crack grows. It has been shown by previous studies that in 
cross-ply laminates, G is independent of crack length (Boniface et al., 1991 c; 
Guild et al., 1993) and that K is also independent of crack length (e.g. 
Boniface and Ogin, 1989). 
A commonly used model for predicting crack growth in materials under fatigue 
loading is the Paris crack growth relationship, 
daldN = A AKm 
where for a through thickness crack in a large isotropic panel 
AK = (omax - 0min)v'(1ta) 
A and m are material constants and a is half the crack length. 
(6.S) 
Now using equation (6.4), the stress intensity factor range (Kmax - K min ) for 
cracks in the 6 ply of a (0/6/0) laminate can be written as 
AK = Ao2v'(2d) (6.6) 
where A02 = O 2 max - ~ min and 2d is the e ply thickness. This expression 
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assumes that K is independent of crack length which is, of course, in contrast 
to the case of a through-the-thickness crack where K is proportional to the 
square root of the crack length. However, the experimental results, which show 
consistently that the (0/6/0/) off-axis cracks grow at a constant rate, supports 
this assumption. The crack growth rates for all laminate types are shown 
plotted against the stress intensity factor ranges calculated using equation 6.6 
in Figure 6.22. For this data, a Paris law of the type shown in equation 6.5 
seems to hold reasonably well with an exponent of 6.3 in the crack growth rate 
range of 10.5 to 10-2 mm/cycle. 
Alternatively, we can consider the strain energy releases rate, rather than the 
stress intensity factor. The strain energy release rate, G, associated with a 
growing transverse ply crack was considered by Boniface et a1. (1991c). They 
showed the strain energy release rate to be 
(6.7) 
where E) and E2 are the longitudinal modulus and transverse modulus of the 0° 
ply respectively and Eo is the modulus of the uncracked laminate. b and d are 
the ply thicknesses of the 0° and eo ply respectively. Here A is a shear-lag 
parameter (see section 6.5.4) and f(As) is a function of crack spacing 2s. 
Hence, for a constant crack spacing, Goc 0 2 and so equation (6.4) becomes 
Gmax oc 02 max 2 (6.8) 
The crack growth rates, da/dN are shown in Figure 6.23 plotted against square 
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of the maximum transverse normal ply stresses (including thermal stresses) on 
a log-log plot, for all four laminate types. Data for each laminate type appear 
to fall roughly along a straight line, although there is some scatter. It also 
follows from equation (6.8) that aGeeo2max-02min where o2max-02min = o2max (1-
R2)but 0max = 0min + ao therefore <lnax (l-R) = ao. Hence aGee (1-~ )ad 1(1-
R)2 or aG ee «l+R)/(l-R))aol. Therefore at a constant R-ratio; 
(6.9) 
Figure 6.24 shows the crack growth rates, daldN, plotted against the square of 
the transverse normal ply stress range, ao22, for all four laminate types. A best 
fit line was found for each laminate type in the range 10.5 to 10-2 mmlcyc1e. The 
gradient of the best fit line is half of the exponent m in the Paris relation 
(equation (6.5)). The gradient of the best fit line for the (0/45/0) data is 3, 
while for the (0/54/0) data it has a value of 3.7. For samples with an off-axis 
angle of 75 0 , the gradient is 3.2, and for (0/90/0) samples it is 2.8. The stable 
crack growth in (0/6/0) laminates can be modelled reasonably well by an 
expression of the form 
(6.10) 
with an exponent of 3.2 in the range 10-5 to 1{)"2 mmfcycle. 
6.4.4 COMPARISON WITH PREVIOUS WORK 
After calculation of the ply stresses normal to off-axis fibres in each laminate 
type, it was observed that although the crack growth rates for the three (0/75/0) 
samples are very high, the a02 value is not significantly higher than those with 
lower growth rates. Although the samples had not been tested above the quasi-
static threshold it appeared that the limit of the transverse normal ply stress 
may have been reached, although this could be due to using a new laminate for 
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fatigue testing which might have had a different cracking threshold (due to e.g. 
V f variation, different toughness due to cure). This can be investigated by 
comparing the transverse normal ply stress for all four laminate types to the 
quasi-static failure stress, O2* where O2 * is the average of all the non-linear ply 
stresses calculated for propagation from a notch in samples of each laminate 
type. 110 is 0max - 0min which is equivalent to 0max - R<\nax , hence for a value 
of 0max, 110 is calculated as (l-R) Qoax . Because the fatigue ply stresses are 
plotted as 1102v'(2d), the quasi-static transverse normal ply stress is plotted in 
Figure 6.25 as 02*(l-R)v'(2d) (not including thermal stresses as these cancel in 
the case of 1102, because it is the difference of two ply stresses). The quasi-
static non-linear transverse normal ply stresses for crack propagation from a 
notch are presented for each angle in Table 6.11, along with the average 
transverse normal ply stress, O2*, The equivalent value in a cyclic test is ~ • 
(l-R) and this value is shown in Figure 6.25. It can be seen that the quasi-
static failure stress falls very close to the high (0/75/0) 1102 values (in fact, the 
three fatigue data points lie just outside this value) confirming that at these 
values for the fatigue cycle, the transverse normal stress is close to the quasi-
static strength and the crack growth rate is expected to be very high. 
The fatigue crack growth data for (0/6/0) laminates shown in Figure 6.22 and 
6.25 indicate that a Paris law is applicable. Thtsldata can be compared with 
crack growth data obtained by other authors for two different laminate lay-ups 
of similar GFRP systems to find whether the current results are comparable to 
the previous data. The first lay-up is a cross-ply GFRP laminate with a thick 
central ply, (0/905), studied by Boniface et al. (1991a), while the second is a 
quasi-isotropic GFRP laminate, (0/90/-45/+45), investigated by Tong et al. 
(1997). 
Figure 6.26 shows a plot of crack growth rate, daldN, against strain energy 
release rate range, I1G, for a (0/905)s laminate reproduced from Boniface et al. 
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(1991a). A line of best fit was plotted through the points. From this, convenient 
~G values were obtained with associated da/dN values and these are presented 
in Table 6.12. An equation for the strain energy release rate range can be 
obtained by manipulating the following equation (Boniface et aI., 1991a) 
b dE2 0 2 G =(1 +-)-,-[tanh(O.5As ..4 c) +tanh(O.5As BC) -tanh(O.5As ..4B)] 
d bEl I\,Eo 
where 
and 
A2- C1.G 23(b +d)Eo 
d 2bEIE2 
bEl +dE2 
E =----
o b+d 
(6.11) 
(6.12) 
(6.13) 
G is the strain energy release rate, 0 is the applied stress and oTis the thermal 
stress in the transverse ply. EI is the longitudinal modulus of the 0° ply, Ii). is 
the transverse modulus of the 0° ply, G23 is the out-of-plane shear modulus of 
a 0° ply, 2s is the crack spacing. 
To obtain the results for non interacting cracks under cyclic loading, we note 
that the crack spacing, 2s, becomes very large. When s is large, tanh(i.s) tends 
to a value of 1. Hence it can be shown that for non interacting cracking in a 
cross-ply laminate: 
b dE2 0 2 G=(1+-)--
d bEl ABo 
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The strain energy release rate range is given by ~G= Gmax - Gtin which is 
equivalent to 
b dE 1 ~G =(1 +-) 2 (02 -02 .) d bE AE max mm 
1 0 
(6.15) 
Hence 
(6.16) 
These equations can be used together with the elastic properties and dimensions 
(E\ = 43 OPa, E2 = 13 OPa, 0 23 = 4 OPa and '12 = 0.3, b = 0.32 and d = 1.6), 
to calculate the applied maximum and minimum mechanical stress for the 
laminate, i.e. 0max and Quin. From these, maximum and minimum transverse 
normal ply stresses can be found. The ~O expression used here does not 
include thermal stresses, so the thermal stress, aT, for the laminate has been 
added to the transverse normal ply stress. The maximum and minimum 
transverse normal ply stresses are then shown in Table 6.13 along with the 
crack growth rates. 
It is also possible to obtain transverse normal ply stress data for the (0/90/-
451+45)8 laminate tested by Tong et al. (1997). Cracking in both the 90° and 
Page 141 
Chapter 6 Fatigue Testing afGFRP laminates 
+45 0 plies were considered by Tong et al. (1997) and the following data 
obtained. For cracking in the 90 0 ply, the stress range was AO = 71 MPa with 
R = 0.1, giving a mean crack growth rate of da/dN = 2.5 x10-4 mm/cycle. For 
the cracking in the +45 0 ply, a mean crack growth rate of da/dN = 6.5 x10-4 
mm/cycle was obtained for a stress range of Ao = 79 MPa. For a stress range 
of Ao = 103 MPa, the crack growth rate was da/dN = 1.3 x10-3 mm/cycle. 
Concentrating first on the 90 0 ply cracking, knowing the stress range, the 
maximum and minimum stresses and using the LAP program and the relevant 
values ofEI = 46 GPa, E2 = 13 GPa, GI2 = 5 GPa, \\2 = 0.3, b = d = 0.5 mm, 
the maximum and minimum transverse normal ply stresses can be calculated 
for cracking in the 90 0 ply. Similarly, the maximum and minimum transverse 
normal ply stresses could be calculated for cracking in the + 45 0 ply. These ply 
stresses are presented in Table 6.14 together with the corresponding crack 
growth rates. 
The data presented in Tables 6.13 and 6.14 are compared to the ply stress data 
from the (0/6/0) laminates tested here in Figure 6.27 which shows the crack 
growth rates plotted against A022 (which is proportional to AG, from equation 
6.9) on a log-log plot. The data for cracking in the 90 0 and +45 0 plies of the 
quasi-isotropic laminate fits reasonably well with the (0/6/0) data. But the data 
for the (0/90s)5 laminate falls well to the left i.e. for a given da/dN the (0/9~ 
laminate has a smaller value of A022 than the other laminates. This difference 
is likely to be due mainly to thickness effects. The strain energy release rate 
range is proportional to A022.2d, where 2d is the ply thickness as KocGo.s and 
IlKocAo2v'(2d) for a transverse crack, hence AGocA022.2d. Therefore mUltiplying 
the transverse normal ply stress range by 2d for all sets of data should 
eliminate any thickness effects (the (0/90s). laminate has a very thick transverse 
ply; about 3.2 mm). Such a plot is shown in Figure 6.28 where da/dN is plotted 
against A022.2d. The data now compare much more favourably, 
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although the data from the (0/90S}5 laminate still shows a slightly lower value 
of A022.2d for a given stress range. An additional factor here is a slight 
difference in the epoxy system used in this laminate as compared to the other 
five laminate types considered (the hardener used was different). 
6.4.5 CONCLUSIONS 
In this section, fracture mechanics arguments were used to correlate crack 
growth rate data for cracks propagating in (0/6/0) (where 6 = 90°, 75°, 54 ° 
and 45 O) samples cycled to various peak load levels with the transverse normal 
ply stresses. The crack growth rates were independent of crack length 
demonstrating that the fracture mechanics parameters were independent of 
crack length. The crack growth rate data were plotted against the stress 
intensity factor range to see if a Paris relation was applicable. It was shown 
that the fatigue data could be well represented by a Paris relation of the form 
daldN = A(~K)m where the exponent m has a value of about 6.3 in the range 
10·s to 1 (J2 mm/cycle. The strain energy release rate associated with a growing 
crack was also considered. Data could also be modelled reasonably well by the 
expression daldN oc f(A022)m where O2 is the transverse normal stress and m has 
a value of 3.2. 
In (0/75/0) samples, the transverse normal ply stress appeared to reach a limit 
such that the crack growth rate had increased rapidly and the cracks were 
propagating like quasi-static cracks. When the fatigue data were compared to 
the average quasi-static transverse normal ply stress at crack propagation, it 
was found that the (0/75/0) data with the highest crack growth rates had 
transverse normal ply stresses that were very similar (although slightly higher) 
to the average quasi-static transverse normal ply stress at crack propagation. 
The present data were compared to data from the 90° ply in a (0/905). laminate 
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and the 90° and +45° plies in a (0/90/-45/+45)8 laminate. It was found that the 
transverse normal ply stresses for cracking in 90° and +45 ° plies in the (0/90/-
45/+45)5 samples correlated well with the present data. The transverse normal 
ply stresses for cracking in the 90° ply of the (0/905)5 samples were lower than 
the present data for a given crack growth rate. When the thickness of the 
cracking plies were taken into account, the (0/905)5 data comes much closer to 
the present data. 
6.5 INVESTIGATION OF COMPLIANCE CHANGE WITH CRACK 
LENGTH 
6.5.1 INTRODUCTION 
In situations where it is difficult to determine the strain energy release rate 
analytically, an alternative approach is to use the compliance technique to 
obtain an experimental value. The present section deals with a preliminary 
attempt to apply this technique to cracking in (0/6/0) laminates. 
An experimental study of transverse ply crack growth has been carried out on 
(0/6/0) samples where 6 = 45 0 , 54 0 , 75 0 and 90 0 • Samples had four or six 
notches and the specimen compliance was measured at the beginning and end 
of every test. The specimen compliance was found to change measurably as 
cracks grew across the width of the sample. The measurement of this 
compliance change is detailed in section 6.5.2. In the following section, the 
experimental compliance change data are presented and the results are 
analysed. The data enabled the rate of change of compliance with crack length 
to be found for each sample and the results are compared for the four 
laminates. The change in compliance per full width crack is also considered. 
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" " __ - Theoretical 
compliance changes are calculated for (0/90/0) samples and these are compared 
to the experimentally obtained compliance changes. Finally, the results are 
discussed. 
6.5.2 MEASUREMENT OF COMPLIANCE CHANGE 
In this section, the change in compliance associated with the growth of 
transverse ply cracks is determined experimentally. The compliance, C, is 
related to the laminate stiffness, E, by 
C = L / EA (6.17) 
where A is the laminate cross-sectional area and L is the gauge length. 
The strain energy release rate, G, associated with off-axis ply crack growth can 
be calculated from 
G = ( p2 / 2t ) dC/da (6.18) 
where P = load on the laminate 
t = crack thickness (= 2d) 
and dC/da is the rate of change of compliance with crack length, which is 
found experimentally. 
This technique has been used previously, enabling experimental results to be 
compared with analytical predictions for cross-ply laminates, e.g. Boniface et 
al. (1991 c). In that work, the transverse ply was made sufficiently thick 
(nominally 3.2 mm) for the compliance to change measurably as an individual 
crack grew. In the present case however, the transverse plies have a thickness, 
2d, of nominally I mm. Therefore, notches were introduced to propagate 
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multiple cracks and hence give a measurable compliance change due to the 
simultaneous growth of a number of cracks. Such an approach is justified by 
the independence of G on crack length. 
An extenso meter with a 50 mm gauge length was used to measure the strain on 
the sample. Each sample was notched to provide sites for the crack to 
propagate full width within the 50 mm gauge length with a reasonable spacing 
(i.e. greater than 5 ply thicknesses) to prevent any crack interaction. The 
number of notches depended on the off-axis ply angle; for lower a values, 
fewer notches were provided as less cracks could fit completely within the 50 
mm gauge length. Hence, 45 0 and 54 0 samples had four notches while 75 0 and 
90 0 samples had six notches. 
The cracks were grown using fatigue cycling. The maximum load levels were 
chosen for each laminate type to provide the situation where cracks propagate 
only from notches, if possible. These load levels were 9.3 kN for (0/45/0) 
samples, 7.33 kN for (0/54/0) samples, 5.5 kN for (0/75/0) samples and 3.4 kN 
for (0/90/0) samples. For the cyclic loading, a sinusoidal waveform was 
employed with a frequency of 10Hz. The compliance was measured from ramp 
loadings up to the relevant mean load level for each laminate type. For the 
ramp loading a sawtooth waveform was employed and a frequency was 
calculated for each laminate type to give an equivalent cross-head speed of I 
mm/min. Ramp loadings were carried out three times to give average 
compliance values. 
The graph obtained from each ramp loading was of load against strain and a 
typical example is shown in Figure 6.29. The gradient of the load-strain plot 
was found by linear regression from the origin, and gives Pie. Inversion of this 
gives elP. Multiplying by the gauge length gives eLIP which is equivalent to 
the right hand side of the compliance equation (6.17). The compliance of each 
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sample was measured both before and after notching to make sure that the 
notching process did not unduly affect the initial compliance. The compliance 
was also measured when the cracks propagating from the notches had grown 
the full width of the samples. The multiple cracks were found to give a 
measurable compliance change, calculated from final compliance minus initial 
compliance. 
Photographs of the samples were taken when the final compliance 
measurements were found, see Figure 6.30. From these photographs, the total 
crack length within the gauge length could be measured. Consequently the 
change in compliance with crack length, dC/da, could be calculated, assuming 
all matrix cracks in the laminate could be treated as a single equivalent flaw. 
In the 90 0 and 75 0 samples, in addition to cracks propagating from the notches, 
cracks also initiated in unnotched regions. In the 54 0 and 45 0 samples, 
delaminations initiated between the notches and sample edges. In the 45 0 
samples cracks also initiated within the transverse ply, away from the sample 
edges. 
6.5.3 ANALYSIS OF EXPERIMENTAL COMPLIANCE CHANGE DATA 
The compliance of one (0/75/0) sample was measured at regular intervals as 
cracks propagated across the sample width. The compliance change values are 
plotted against crack length in Figure 6.31. There is a linear dependence of 
compliance change on crack length, within experimental error. For all other 
samples, the compliance change was measured at the start of the test and after 
a reasonable number of cracks had grown the full sample width. The initial and 
final compliance values are given for samples of all four laminate types in 
Table 6.15. Also shown are the compliance change and associated total crack 
length for each sample. The (0/90/0) samples had the greatest total crack 
lengths as many cracks initiated in unnotched regions. This tendency for cracks 
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to initiate in unnotched regions decreased as e decreased from 90 0 to 45 0 
hence the total crack length decreased. Even when the total crack length was 
relatively small, there was still a measurable change in compliance. 
To compare the change in compliance for each ply angle, dC/da can be 
calculated for each sample. These dC/da values are presented in Table 6.16 for 
all laminate types along with the average dC/da value for each ply angle. There 
appears to be a decrease in dC/da as e decreases from 90 0 to 45 0 • This would 
appear to be consistent with greater laminate loads (and hence stress) being 
required to propagate matrix cracks in laminates with lower e values. The 
values in Table 6.16 give the compliance change in the sample that occurs 
with aim crack length but, for example, a 10 mm crack in a (0/90/0) sample 
is nearer full width than a 10 mm crack in a (0/45/0) sample. Therefore to take 
the ply angle into account, the compliance change with crack length can be 
calculated per full width crack. The compliance change per full width crack is 
presented for each sample tested in Table 6.17 along with the average values 
for each ply angle. When the compliance change per full width crack is 
considered, there appears to be very little difference between the four ply 
angles. This implies that although the rate of change of compliance with crack 
length is lower for 45 0 samples than 90 0 samples for example, the actual 
change in compliance as a crack grows the full width of a sample is 
approximately the same in 90 0 and 45 0 samples. 
6.5.4 CALCULATION OF THEORETICAL COMPLIANCE CHANGES 
Due to the fact that many cracks initiated in unnotched regions of the (0/90/0) 
samples during compliance testing, see Figure 6.32, there were sufficient cracks 
to obtain a crack spacing, 2s. It is then possible to calculate the compliance 
change in (0/90/0) samples theoretically. Hence experimental compliance 
changes can be compared to theoretical compliance changes. The theoretical 
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compliance change can be calculated as follows. The compliance, C, is related 
to the laminate stiffness, E, by equation (6.17). The compliance change is 
found from 
L 1 1 dC=C-C =-(---) 
o A E E 
o 
(6.19) 
where Eo can be found from equation (6.13) and, for a given crack spacing, 2s, 
(from Boniface et ai., 1991a) 
Eo E=------- (6.20) 
1 + dE2 tanh{AS) 
bEl AS 
where A can be calculated from equation (6.12). The crack spacing in (0/90/0) 
samples can be calculated from 
2s= WL 
a 
(6.21) 
where a = total crack length, W = laminate width and L = gauge length. This 
assumes a uniform crack spacing though in reality this is not necessarily the 
case. The theoretical compliance change was calculated twice, using two 
different A values. One A value was calculated with ex = 1, i.e. assuming a 
linear variation of the longitudinal displacements in the transverse ply, and 
with ex = 3 where a parabolic displacement profile is assumed. 
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Theoretical compliance change values are compared with the experimental 
compliance change for (0/90/0)s samples in Table 6.19. Theoretical values are 
shown for both IX = 1 and IX = 3, and the crack spacings are also shown. 
Theoretical values calculated with IX = 3 underestimated the compliance 
change, especially in samples with smaller crack spacings. The theoretical 
values calculated with IX = 1 also underestimated the compliance changes for 
small crack spacings and overestimated for larger crack spacings, though these 
values tend to be closer to the experimental compliance changes. 
6.5.5 CONCLUSIONS 
An experimental study of transverse ply growth under fatigue loading has been 
carried out to investigate the change in compliance as cracks grow across the 
width of a sample. Because the transverse ply is relatively thin, the compliance 
change could not be measured as a single crack grew across the sample. 
Therefore, notching was carried out to propagate multiple cracks across the 
width of the sample. The compliance of each sample was measured initially and 
also after cracks had propagated across the sample width. The total crack 
length was found for each sample. There appeared to be a decrease in dC/da as 
e decreased from 90 0 to 45 0 but when the compliance change per full width 
crack was considered, the results for the four laminate types became closer i.e. 
the compliance change as a single crack grows the full width of a sample is 
approximately the same whether e = 4S 0, S4 0, 75 0 or 90 0 • 
The compliance of one (0/75/0) sample was measured at regular intervals and 
there was found to be a linear dependence of compliance change on crack 
length. The compliance change in (0/90/0) samples was calculated theoretically 
and compared with the experimentally measured compliance change. The 
agreement was reasonably good and theoretical compliance changes were 
closest to the experimental compliance changes when a linear shear-lag analysis 
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was used. 
6.6 CONCLUSIONS 
The purpose of this study was to investigate the effect of fatigue loading on 
crack growth in (0/6/0) angle ply laminates where 6 = 45 0 , 54 0 , 75 0 and 90 0 • 
The effects of two testing parameters, frequency and waveform, were 
investigated. It was found that there was little difference in results when 
frequencies of 1 Hz or 10 Hz were used. Also, the type of waveform used (i.e. 
either sawtooth or sinusoidal) had little effect. For the fatigue crack growth 
investigation, a frequency of 10Hz was chosen along with a sinusoidal 
waveform. 
Samples of each laminate type were loaded to four different maximum load 
levels. Each sample contained one notch from which to propagate a crack. The 
crack was monitored as it grew the width of the sample. The results showed the 
same general trend that was observed in notched samples tested under quasi-
static loading, i.e. the same trend in notch sensitivity was found. Under fatigue 
loading, cracks grew stably and continuously across the sample widths. This 
is in contrast to the stop-start growth observed under quasi-static loading. 
Representation of fatigue crack growth data was also considered. Transverse 
normal ply stresses were calculated and related to stress intensity factor ranges 
and strain energy release rate ranges. For this set of data, a Paris law of the 
type daldN = A(AK)m seemed to hold reasonably well with an exponent of 6.3 
in the crack growth rate range 10-s to 10-2 mmlcycle. 
The data obtained for crack growth in (0/6/0) samples were also compared with 
data for 90 0 crack growth in a (0/90s)s GFRP laminate and for 90° and +45 0 
crack growth in a (O/90/-45/+45)s GFRP laminate. The data for cracking in the 
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quasi-isotropic laminate compared well with the current data. The data for 90° 
cracking in a (0/905) s laminate did not correlate as well, but after a ply 
thickness correction was made, the results compared more favourably. 
A preliminary experimental study of the compliance change in samples as 
cracks propagated across the sample width was carried out and the rate of 
change of compliance with crack length was found for each laminate type. 
When comparing these values for each laminate type there appeared to be a 
decrease as e deceased from 90° to 45 0. However, when the data are presented 
as compliance change per full width crack, the results are similar i.e. the 
change in compliance per full width crack appears to be constant for all crack 
angles. Theoretical compliance changes were calculated for (0/90/0) samples 
and compared to the experimentally obtained values. The theoretical values 
were closest to the experimental data when a linear variation of the longitudinal 
displacements in the transverse ply was assumed. 
In the following chapter, the main conclusions are drawn from the present 
work. The second section deals with the possibilities for future work following 
on from this proj ect. 
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TABLES 
Table 6.1 Table showing the mean crack growth rates for (0/54/0) samples cycled 
to a maximum load of 7.33 kN at frequencies of 10Hz and 1 Hz. 
Frequency 
10Hz 1 Hz 
Mean daldN value 
(10-3 mrnlcycle) 2.34 ± 0.71 2.11 ±0.78 
Number of cracks 7 6 
monitored 
Table 6.2 Table showing the mean crack growth rates for (0/54/0) samples cycled 
to a maximum load of 7.33 kN at frequencies of 10Hz and 1 Hz, with 
either sinusoidal or sawtooth waveforms. 
7.33 kN, 10 Hz 7.33 kN, 1 Hz 
Waveform Sinusoidal Sawtooth Sinusoidal Sawtooth 
Mean daldN value 2.34 ± 0.71 3.36 ± 1.47 2.11 ±0.78 2.13 ± 0.57 
(10-3 mrnlcycle) 
Number of cracks 3 4 3 3 
monitored 
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Table 6.3 Table showing the crack growth rates for (0/90/0) samples cycled to 
five different maximum load levels at R=O.1 and a frequency of 10Hz. 
Maximum Load, kN Crack growth rate (daldN) 
mmlcycle 
3.53 x 10-2 
4.5 2.1 x 10-2 
4.56 X 10-2 
3.05 X 10-4 
3.38 8.84 x 10-4 
6.89 X 10-4 
1.22 X 10-4 
2.6 5.2 x lO-s 
5.7 x lO-s 
2 2.45 X 10-4 
1.77 X 10-4 
1.45 1.2 x 1O-s 
Table 6.4 Table showing the crack growth rates for (On5/0) samples cycled to 
four different maximum load levels. 
Crack growth rate (dalaN) 
Maximum load, kN mmlcycle 
1.1 
7.3 0.91 
1.05 
2.05 x 10-3 
5.5 1.76 x 10-3 
6_14 X 10-3 
5.7 X 10-4 
4.13 4.1 x 10-4 
4.64 X 10-4 
8.9 x lO-s 
3.1 11.7 x 10-s 
7.4 x 1O-s 
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Table 6.S Table showing crack growth rates for (0154/0) samples cycled to four 
different maximum load levels. 
Maximum load, kN Crack growth rate (da/dN) 
mm/cycle 
4.37 x 10-3 
8.5 2.84 x 10-3 
3.75 X 10-3 
1.44 X 10-3 
7.33 3.18 x 10-3 
2.39 X 10-3 
2.47 X 104 
5.5 1.91 x 104 
1.97 X 104 
4.3 x lO-s 
4.5 2.1 x lO-s 
2.25 X 104 
Table 6.6 Table showing crack growth rates for (0/4510) sample cycled to four 
different maximum load levels. 
Maximum load, kN Crack growth rate (da/dN) 
mm/cycle 
7.3 x 10-3 
12 2.8 x 10-3 
4.3 X 10-3 
0.93 X 10-3 
9.3 2.6 x 10-3 
2.42 X 10-3 
3.55 X 104 
7 1.72 X 104 
2.84 X 104 
7.3 x 10-s 
5.2 4.4 x 10-s 
2.4 x lO-s 
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Table 6.7 Table showing the experimentally measured crack growth rates for 
(0/4510) samples, together with LAP calculated minimum and 
maximum non-linear transverse normal ply stresses. 
Crack growth rate Minimum transverse normal Maximum transverse normal 
(mmlcyc1e) ply stress (MPa),(J2min ply stress (MPa),(J2max 
7.3 x 10-3 12.41 57.22 
2.8 x 10-3 12.26 55.66 
4.3 x 10-3 12.21 55.15 
9.32 x 10-4 11.75 46.56 
2.6 x 10-3 11.71 46.2 
2.42 x 10-3 11.77 46.81 
3.55 x 10-4 10.85 37.64 
1.72 x 10-4 10.81 37.17 
2.84 x 10-4 10.81 37.21 
7.3 x 10-5 10.13 30.54 
4.4 x 10-5 10.14 30.56 
2.4 x 10-5 10.16 30.35 
Table 6.8 Table showing the experimentally measured crack growth rates for 
(0/54/0) samples, together with LAP calculated minimum and 
maximum non-linear transverse normal ply stresses. 
Crack growth rate Minimum transverse normal Maximum transverse normal 
(mmlcyc1e) ply stress (MPa),(J2min ply stress (MPa),(J2max 
4.37 x 10-3 16.55 56.13 
2.8 x 10-3 16.34 55.58 
3.75 x 10-3 16.26 54.73 
1.72 x 10-3 16.20 54.2 
1.44 x 10-3 15.798 49.62 
3.18 x 10-3 15.798 49.62 
2.39 x 10-3 15.80 49.66 
2.47 x 10-4 15.21 42.7 
1.91 x 10-4 15.30 43.79 
1.97 x 10-4 15.09 40.45 
4.3 x 10-5 14.57 35.73 
2.1 x 10-5 14.72 35.73 
2.25 x 10-4 14.70 35.53 
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Table 6.9 Table showing the experimentally measured crack growth rates for 
(0/75/0) samples, together with LAP calculated minimum and 
maximum non-linear transverse normal ply stresses. 
Crack growth Minimum transverse Maximum transverse normal 
rate (mmlcycle) normal ply stres (MPa),o2min ply stress (MPa),o2max 
1.1 29.20 81.51 
0.91 29.19 81.36 
1.05 29.11 80.58 
2.05 x 10-3 27.58 65.36 
1.76 x 10-3 27.48 64.33 
6.14x 10-3 27.48 64.29 
5.7 x 10-4 26.78 57.56 
4.l x 10-4 26.64 55.95 
4.64 x 10-4 26.53 54.92 
8.9xl0-s 25.87 47.62 
11.7 x 10-5 25.89 47.81 
7.4 x lO-s 25.91 48 
Table 6.10 Table showing the experimentally measured crack growth rates for 
(0/90/0) samples, together with LAP calculated minimum and 
maximum linear elastic transverse normal ply stresses. 
Crack growth Minimum transverse normal Maximum transverse normal 
rate (mm/cycle) ply stress (MPa),o2min ply stress (MPa)o2max 
3.53 x 10-2 30.69 66.46 
2.l x 10-2 30.68 66.38 
4.56 x 10-2 30.69 66.5 
3.05 x 10-4 29.59 55.5 
8.84 x 10-4 29.64 55.96 
6.89 x 10-4 29.67 56.33 
12.2 x lO-s 29.01 49.75 
5.2 x 10-5 29.02 49.83 
5.7 x 10-s 29.01 49.75 
2.4 x 10-4 28.78 47.4 
1.77 x 10-4 28.76 47.25 
1.2 x lO-s 28.20 41.62 
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Table 6.11 Table showing the quasi-static non-linear transverse normal ply stress 
(not including thermal stress) for each off-axis ply angle together with 
the average transverse normal ply stress. 
Off-axis ply angle Transverse normal ply stress 
(MPa) 
45 52.4 
54 64.8 
75 46.5 
90 44.1 
Average 51.9 
Table 6.12 Table showing the stress intensity factor ranges and corresponding 
crack growth rates obtained from Figure 6.26 for a (0/90S)5 laminate. 
Strain intensity factor Crack growth rate (m/cycle) 
range (Jm·2) 
100 3 x 10 4 
60 2 x lO.s 
50 7 X 10-6 
30 5 x 10.7 
20 6x 10-11 
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Table 6.13 Table showing the minimum and maximum transverse normal ply 
stresses and corresponding 90 0 crack growth rates for a (0/905)5 
laminate. 
Crack growth ~inimum transverse ~aximum transverse 
rate normal ply stress normal ply stress (MPa) 
(mm/cycle) (MPa) 
3 x 10-1 16.17 36.06 
2 x 10-2 15.67 31.08 
7 x 10-3 15.52 29.59 
5xlO-4 15.17 26.07 
6 x lO-s 14.95 23.84 
Table 6.14 Table showing the minimum and maximum transverse normal ply 
stresses and corresponding 900 and +45 0 crack growth rates for a 
(0/90/-45/+45)5 laminate. 
Crack growth Minimum Maximum 
Ply angle rate transverse normal transverse 
(mm/cycle) ply stress (MPa) normal ply stress 
(MPa) 
90 2.5 30.33 66.5 
45 6.5 28.58 48.51 
1.3 29.29 56.1 
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Table 6.15 Table showing the initial and final compliance for each sample of the 
four laminate types, together with the compliance change and 
associated crack length. 
Initial Final Compliance Crack length 
Angle compliance compliance change (mm) 
(x 10-9 mIN) (x 10-9 mIN) (x 10-9 mIN) 
43.14 49.36 6.22 350 
48.21 53.68 5.42 325 
90 46.26 50.77 4.51 239 
43.82 46.12 2.3 206 
44.42 46.17 1.75 128 
42.93 46.03 3.1 201 
39.96 38.69 1.73 166 
75 41.18 42.89 1.71 173 
45.94 49.61 3.67 256 
45.08 47.48 2.4 189 
47.04 49.53 2.49 235 
42.45 43.93 1.48 127 
45.08 46.19 1.11 119 
54 46.48 47.52 1.04 125 
46.73 47.9 1.17 103 
47.54 48.48 0.94 85 
48.36 49.18 0.82 87 
41.15 42.34 1.19 121 
43.41 44.67 1.26 132 
45 44.22 45.92 1.7 131 
46.64 48.19 1.55 187 
47.18 49.18 2 206 
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Table 6.16 Table showing the rate of compliance change with crack length for each 
sample together with the average values for each laminate type. 
Rate of compliance change with crack length, 
Angle dC/da (xlO-9 N-1) 
Actual values Average values 
90 17.77, 16.77, 18.87 15.65±2.8 
11.16, 13.67 
75 15.42, 10.42,9.88 12.23±2.1 
14.34, 12.70, 10.60 
54 11.65,9.33, 8.32 1O.19±1.2 
11.36, 11.06,9.43 
45 9.83,9.55, 12.98 1O.07±1.6 
8.29,9.71 
Table 6.17 Table showing the compliance change per full width crack for each 
sample together with the average values for each laminate type. 
Angle Compliance change per full width crack 
(x 10-9 mIN) 
Actual values Average values 
90 0.355, 0.334, 0.377 0.3124±O.057 
0.223, 0.273 
75 0.319,0.216,0.205 0.253±O.043 
0.297, 0.263, 0.219 
54 0.288, 0.231, 0.206 0.252±O.03 
0.281,0.273,0.233 
45 0.278, 0.27, 0.37 0.285±O.045 
0.234, 0.275 
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Table 6.18 Table showing the theoretical compliance change calculated with «=1 
and «=3 for 90° samples together with the measured crack spacings. 
The experimental compliance change is also presented for comparison. 
Experimental Theoretical compliance 
Compliance change change (x 10-9 mIN) Crack spacing 
(x 10-9 mIN) 
«=1 «=3 
(mm) 
6.22 5.76 3.49 2.8 
90° 5.42 5.37 3.2 3.01 
samples 4.51 4.11 2.39 4.05 
2.3 3.37 1.96 4.91 
1.75 2.09 1.21 7.9 
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FIGURES 
E2J 
E 
Figure 6.1 
Figure 6.2 
5 10 15 
Number of cycles 
Plot of number of cycles against crack length for a (0/54/0) sample 
cycled at a maximum load of7.33 leN, with a frequency of 1 Hz and a 
sinusoidal waveform. 
Plan view photograph of a (0/90/0) sample cycled to a maximum load 
of 3.38 kN, after 17,000 cycles, showing the presence of cracks 
initiating in unnotched regions. 
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Figure 6.3 Plot of number of cycles against crack length for a (0/90/0) sample 
cycled up to 2 kN. A crack propagated from the notch soon after the 
test began. 
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Figure 6.4 Plot of number of cycles against crack length for a (0/90/0) sample 
cycled up to 2 kN. The crack had not propagated from the notch until 
after 80,000 cycles. 
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Figure 6.6 
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O. \ fY\ 
Plan view photograph of a (0/75/0) sample cycled up to 5.5 kN, after 
100 cycles. Initially a crack propagated from the notch only. 
o I rY) 
Plan view photograph of the ample hown in Figure 6.5, after 2,600 
cycles, showing other crack initiating in unnotched regions. 
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Figure 6.7 Graph of number of cycles against crack length for a (On 5/0) sample 
cycled up to 5.5 kN. It has taken approximately 10,000 cycles for the 
crack propagating from the notch to grow full width. 
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Figure 6.8 Plot of number of cycles against crack length for a (Ons/O) sample 
cycled up to 4.13 kN. The crack propagating from the notch has grown 
full width in approximately 50,000 cycles. 
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o 1M 
Figure 6.9 Plan view photograph of a (0/75/0) sample cycled up to 3.2 kN, 
showing a single full width crack. 
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Figure 6.10 Plot of number of cycles against crack length for a (0/75/0) sample 
cycled up to 3.2 kN. At this load level it takes approximately 180,000 
cycles for the crack to grow full width. 
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(d) 
Typical number of cycles versus crack length plots for (0/54/0) samples 
cycled to maximum loads of (a) 8.5 kN, (b) 7.33 kN, (c) 5.5 kN and (d) 
4.SkN. 
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(a) (b) 
Figure 6.12 Plan view photographs of (0/54/0) samples cycled to maximum load 
of 4.5 leN after (a) 3] ,000 cycles and (b) 113,500 cycles illustrating 
crack branching. 
Figure 6.13 Plan view photograph of a (0/54/0) sample cycled up to 4.5 kN, after 
349,000 cycles, illustrating crack growth without branching. 
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Figure 6.14 Typical number of cycles versus crack length plots for (0/45/0) samples 
cycled up to a maximum loads of (a) 12 leN, (b) 9.3 leN, (c) 7 leN and 
(d) 5.2 kN. 
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Figure 6.15 Plan view photograph of a (0/45/0) sample cycled up to 12 kN after 
5,500 cycles, showing cracks initiating in the centre of the transver e 
ply and also delamination occuring between notch and sample edge. 
Figure 6.16 Plan view photograph of (0/45/0) sample cycled up to 9.3 kN after 
8,500 cycle, howing delamination between sample edge and notch. 
Page 171 
Chl1nter 6 
I Fl1tigue Te~ting ofGFRP ll1minl1te5 
L...--.-J 
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Figure 6.17 Plan view of (0/45/0) ample cycled up to 7 leN. The crack has grown 
full width with no delamination. 
~ 
o .051\1) 
Figure 6.18 Plan view photograph of (0/90/0) ample cycled to 3.38 leN after 
45,000 cycles, showing crack hielding. 
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Figure 6.19 Plot of number of cycles against crack length for the sample shown in 
Figure 6.18. Crack shielding has caused the growth rate to drop 
dramatkall y. 
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Figure 6.20 Plot of number of cycles against crack length for a (0/45/0) sample 
cycled to 9.3 kN. A change in crack growth rate occured after a few 
thousand cycles. 
Page 173 
Chanter 6 
• 
Fatigue Testing ofGFRP laminates 
1E+01 1::"1':----------------------------, 
1E+OO ;-
f 
1E'{)1 E 
~ 
.s t. 
z 1E'{)2 E 
* ~ <> 
"C 
,,8 If i I-
~ D D $ 
s::. 
1E-03 ~ 
* ~ ~ Cl 
0
' 
0 ~ A t. (II 
U * D 0 t. 
1E-04 E 
* 
it. 
* 
D A 
* 0 
1E'{)S E t. 
I-
1E-06 1 i i .i _L 
1E+01 (MPa) 1E+02 
0'2 max 
* (0/45/0) o (0/5410) <> (0175/0) t. (0/9010) 
Figure 6.21 Log-log plot showing crack growth rate against the maximum 
transverse normal ply stresses (including thermal stresses)for each 
laminate type. 
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Figure 6.22 Log-log plot of the crack growth rate against the approximate Mode 
I stress intensity factor range for all four laminate types. 
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Figure 6.23 Log-log plot of crack growth rate against the square of the maximum 
transverse normal ply stresses (including thermal stresses) for all four 
laminate types. 
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Figure 6.24 Log-log plot of crack growth rate against the square of the transverse 
normal ply stress range for all four laminate types. 
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Log-log plot of crack growth rate against stress intensity f~ctor range 
for all four laminate types. The quasi-static Hrnit (oz*(1-R)v'2d) is also 
shown. 
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Figure 6.26 Log-log plot of crack growth rate against strain energy release rate 
range for a (O/90s),laminate (from Boniface et al., 1991a). 
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Figure 6.27 Log-log plot of crack growth rate against the square of the transverse 
normal ply stress range for 6° cracking in (0/6/0) samples, 90° 
cracking in (01905)5 samples and 90° and +45 ° cracking in (0/90/-
451+45). samples. 
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(} 1M 
Figure 6.30 Plan view photograph of cracks propagated from notche on 
completion of a compliance test. 
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Chanter 7 Concl" sian s and Further Work 
7.1 CONCLUSIONS 
1. (0/6/0) laminates with off-axis ply angles of 6 = 45°,54°,75° and 90°, 
have been used successfully to study matrix crack initiation and propagation 
phenomena under mixed mode loading. 
2. During quasi-static testing in unnotched 'as-cut' samples (and even more 
so in the samples with polished edges) there is an increase in the applied 
longitudinal strain for matrix crack initiation with decreasing 6. In notched 
samples, the effect of machined-in defects in the off-axis ply angle of a (0/6/0) 
laminate on matrix cracking behaviour is dependent on the off-axis ply angle 
6. The (0/90/0) lay-up is notch insensitive while lay-ups with values of 6 in the 
range 75° to 45° are notch sensitive to varying degrees. There is an increase 
in the strain increment to grow a crack across the full width of a coupon as the 
off-axis ply angle decreases from 6 = 90° to 6 = 45° and this increase 
corresponds to the development of a start-stop growth pattern. This start-stop 
growth behaviour disappears when samples are tested under load control rather 
than displacement control. 
3. The measured average longitudinal crack initiation/propagation stresses 
were used to calculate the ply stress normal to off-axis fibres when the cracks 
initiated/propagated. Such calculations based on linear elasticity was found to 
overestimate the ply stress normal to off-axis fibres for the low off-axis angles 
(45 0, 54 ° and to some extent 75 0) and hence a method has been developed 
which accounts for material non-linearity. The calculated ply stresses normal 
to the fibres (transverse tensile and shear) at crack formation became 
progressively larger as 6 decreased from 90° to 45° for unnotched samples. In 
notched samples, the stress normal to the fibres at crack propagation was 
reasonably constant. It is believed that the differences between the behaviour 
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of un notched and notched samples relate to fundamental differences in the 
variation with off-axis ply angle of the stresses to initiate and propagate matrix 
cracks. For the latter, fracture mechanics predictions of crack growth appear to 
be appropriate, but for the former a failure criterion needs to be developed 
which additionally allows for material non-linearity. 
4. In uniaxial tension-tension fatigue tests, notched samples of each 
laminate type were loaded to four different maximum load levels to investigate 
the effect of fatigue loading on crack growth in (0/6/0) laminates. The results 
showed the same general trends in notch sensitivity that were observed in 
notched samples under quasi-static loading. Under fatigue loading, cracks grew 
continuously and at a constant rate across sample widths enabling a crack 
growth rate to be measured for each cyclic loading. 
5. Theoretical modelling of fatigue crack growth has been carried out by 
plotting the crack growth rates against an approximate expression for the stress 
intensity factor based on the ply stress normal to the off-axis fibres. This 
produces a Paris law of the type da/dN = A(~K)m with an exponent of 6.3 in 
the crack growth rate range 10.5 to I {)'2 mm/cycle. The data obtained for crack 
growth in (0/6/0) samples were also compared with data for 90 0 crack growth 
from previous work in a (0/905). GFRP laminate and for 90 0 and +45 0 crack 
growth in a (0/90/-45/+45). GFRP laminate. All the data for cracking in quasi-
isotropic laminate compared reasonably well with the current data, but the data 
for 90 0 cracking in a (0/905). laminate did not correlate all that well with the 
present data. After a thickness correction was made based on the approximate 
expression for K (Le. K=otV(2d) where 01 is the ply stress normal to the crack 
front and 2d is the ply thickness), the results compared more favourably. 
6 The compliance change was measured as cracks propagated across the 
sample width and hence the rate of change of compliance with crack length was 
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found. Comparing these values for each laminate type it was found that the 
change in compliance per full width crack is constant for all angles in the range 
90° to 45 0 • Theoretical compliance changes were calculated, based on a shear-
lag analysis, for (0/90/0) samples and compared to the experimentally obtained 
values. The theoretical values were closest to the experimental data when a 
1lQI'~1\ 
linearkof the longitudinal displacements in the transverse ply was assumed in 
the shear-lag analysis. 
7.2 FURTHER WORK 
1. A fracture mechanics approach was found to be appropriate for 
predicting crack propagation in notched samples. For unnotched samples a 
failure criterion needs to be developed which allows for material non-linearity. 
2. As the transverse ply thickness is known to have an effect on matrix 
crack initiation and propagation, it would be interesting to investigate the effect 
of 6° ply thickness on matrix cracking in (0/6/0) laminates. 
3. Further work on the experimental and analytical investigation of 
compliance change could be carried out, perhaps using a very thick 6 ° ply. 
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